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The conceptof “balanced”flow is the counterpart,in atmosphere–oceandy-
namics,of thewell known conceptof “nearly incompressible” or “effectively in-
compressible” flow in classicalaerodynamics.In aerodynamics,a key aspectof
suchflow — long recognizedas centralto understandingthe behavior of sub-
sonicaircraft — is thatall the significantdynamicalinformationis containedin
thethree-dimensionalvorticity field. Thismeansthattheflow has,in effect,fewer
degreesof freedomthanafully generalflow. Moreprecisely, it meansthatfreely-
propagating soundwavescontributeonly negligibly to themotion.

In atmosphere–oceandynamicsthereis a correspondingstatementwith “vor-
ticity” replacedby “potential vorticity”, understoodin a suitably generalsense.
Thestatementappliesto avastsetof casesof rotating,stablystratifiedfluid flow,
for parametervaluestypical of the atmosphere andoceans. It providesan im-
portantkey to understandingmany of thesecases. If the flow can be consid-
eredbalanced,thenall the significantdynamicalinformation is containedin the
potential-vorticity field, in thegeneralizedsense.Onemay“invert” thepotential-
vorticity field at eachinstantto obtainthe massandvelocity fields. For a more
precisestatementseethearticleon “potential vorticity”. Again this meansthat
theflow has,in effect, fewer degreesof freedomthana fully generalflow. More
precisely, balanceandinvertibility meanthatnotonlysoundwavesbutalsofreely-
propagating inertia–gravity wavescontributeonly negligibly to themotion. Thus
balancedflowscanbemuchsimplerto understandthanfully generalflows.

Casesof fluid flow describableas balancedcome under headingssuch as
“Rossbywaves”,“Rossby-wavebreaking”,“vortex dynamics”,“vorticalmodes”,
“vortical flow”, “vortex coherence”,“blocking”, “eddy-transportbarriers”, “cy-
clogenesis”,“baroclinic andbarotropicinstability” andothershearinstabilities,
all of which arerelatedto thefundamentalRossby-wave restoringmechanismor
“quasi-elasticity” that exists whenever thereareisentropicgradientsof potential
vorticity in the interior of theflow domain,or gradientsof potentialtemperature
at anupperor lower boundary. Theconceptof balancedflow alsoentersinto the

1Article in pressfor thenew EncyclopediaofAtmosphericSciences, editedbyJamesR.Holton,
JohnA. Pyle,andJudithA. Curry (Academic Press,early2003)
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theoryof wave–mean interaction, in whichthemeanflow is oftenconsideredto
bebalanced,regardlessof thewave typesinvolved.Thetheoryof wave–meanin-
teractionis fundamentalin turnto understandingthe“gyroscopic pumping” that
drivesglobal-scalestratosphericcirculationsandchemicaltransports.Indeed,the
conceptof balancedflow enters,implicitly or explicitly, into almostany discus-
sion of meteorologically interestingfluid phenomena,all the way from regional
pollutant transportto planetary-scaleteleconnectionsmediatedby Rossby-wave
propagation.

Balancedflow hasanalogsin simplemechanicalsystemssuchasthe“springy
pendulum” composedof a massive bob suspendedfrom a pivot by a stiff elas-
tic spring. Sucha pendulumhasslow, swinging modesof oscillation in which
therelatively fast,compressionalmodesof thebobandspringarehardlyexcited:
they contribute negligibly to the motion if the springis stiff enough.The slow,
swinging modescorrespondto balancedflow, andthefast,compressionalmodes
to soundand inertia–gravity waves. Onemay describethe swinging modesto
a crudefirst approximationby settingthe length of the spring equal to a con-
stant— a“rigid-pendulum approximation”. Thereis ahierarchyof moreaccurate
approximations that allow the spring to changeits length in a quasi-static way.
In a finite-amplitude,two-dimensional swingingoscillation, thespringis longest
whenthe bob is lowestandshortestwhenthe bob is highest. Suchapproxima-
tionsandtheir ultimatelimitationscanbestudiedmathematically via techniques
rangingall the way from two-timing formalisms(methodof multiple scales)to
bounded-derivative theoryandKAM (Kolmogorov–Arnol’d–Moser)theoryand
otherdynamical-systems techniques;thereis anenormousliterature.

A quasi-staticdescription may approximate the pendulummotion with re-
markableaccuracy; the error may becomeexponentially small, or even zero in
somecases,asthefast–slow timescaleseparationincreases.Thekey point,though,
is that in thequasi-staticdescription thelengthof thespringevolvesasif it were
functionally relatedto theelevation of thebob. This canbeexploited to simplify
boththemathematicaldescriptionof themotionandourconceptualunderstanding
of it. The functionalrelationholdsat eachinstantt, i.e., it holdsdiagnostically.
Moreprecisely, noderivativesor integralswith respectto t areinvolved,andval-
uesof t do not explicitly enterinto thedefinitionof the functionalrelation. The
propertyof beingdiagnostic, in this sense,is a crucial part of the mathematical
andconceptualsimplification.

In atmosphere–oceandynamicsthe defining propertyof balanceis that an
analogousfunctional relation holds — diagnostic in preciselythe samesense.
A flow is said to be balancedif the three-dimensional velocity field u

�
x � t � is
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functionally relatedto the massfield or massconfiguration,i.e., to the spatial
distribution of massthroughoutthefluid system,presumedto behydrostatically
relatedto the pressurefield. (Knowledgeof the massfield thenimplies knowl-
edgeof thetemperatureandpotential temperaturefields,hencequantitiessuchas,
for instance,theavailable potential energy andthemassundereachisentropic
surface.)

Sucha functional relation betweenthe velocity and massfields is called a
“balancecondition” or “balancerelation”. It provides just enoughinformation
to make thepotential-vorticity field invertible. The propertyof beingdiagnostic
meansthatif oneknowsthemassfield atsomeinstantt, but knowsnothing about
its time dependence,nor thevalueof t itself, thenthebalancerelationmustnev-
erthelessallow oneto deducethecompletethree-dimensional velocity field u. It
mustallow thevelocity field to bededucedfrom themassfield andfrom themass
field alone.

To theextentthatabalancerelationholds,it excludessoundwavesandinertia–
gravity wavesfrom therepertoireof possible fluid motions.Thesystemthenhas
too few degreesof freedomto describesuchwaves. This generalizesthe famil-
iar statementin aerodynamicsthatanincompressibility conditionexcludessound
waves. The reductionin degreesof freedomis sometimesexpressedby saying
that somedegreesof freedomare“slaved” to others,or that the evolving states
of thedynamical systemconfinethemselves to a “slow manifold” in phasespace,
having lower dimensionality thanthe full phasespacein which it is embedded.
Onemight say for instancethat the velocity field is “slaved” to the massfield.
A morecarefulstatementwould be that in balancedflows themassandvelocity
fieldsevolveasif they wereslavedto eachother, to someusefulapproximationat
least.This is likesayingthatthetwo-dimensionalswingingmotionof thependu-
lum evolvesasif thelengthof thespringandtheelevationof thebobwereslaved
to eachother, to someapproximation, eventhoughthereis no actualmechanical
linkagebetweenthetwo variables.

A standardexampleof abalanceconditionor balancerelationis theso-called
geostrophic relation,whichis simpleto write and,for typicalextratropicalparam-
etervalues,qualitatively usefulthoughquantitatively notveryaccurate:

u
�
x � t ��� 1

f

���
∂Φ

�
x � t �

∂y
� ∂Φ

�
x � t �

∂x
� 0 �
	 (1)

Here f is theCoriolisparameter, Φ
�
x � t � is thegeopotential height(approximately

geometricaltitude timesgravitationalacceleration),andthree-dimensional posi-
tion x is specifiedusingpressurealtitude. Thusthehorizontalspatialderivatives
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∂ � ∂x and∂ � ∂y aretaken at constantpressurealtituderatherthanat constantge-
ometricaltitude. This qualifiesasa balancerelationbecauseof thepresumption
that the hydrostatic relationalsoholds, as normally assumedwhenusingpres-
sureasthevertical coordinate.Knowing Φ on eachconstant-pressure(isobaric)
surfaceis thenequivalent to knowing the massfield. So (1) is, as required,a
diagnostic functionalrelationbetweenthevelocity field andthemassfield. The
verticalderivativeof (1) is theso-called“ thermal wind equation”.

The horizontalcoordinatesx � y are local Cartesiancoordinatesin a tangent-
planerepresentation.If we also take f � constant,giving us the so-called“ f -
plane approximation”, then (1) assertsnot only that u is slaved to the mass
field but also that it is two-dimensionally incompressible or nondivergent,with
streamfunctionΨ � Φ � f , sothat

u
�
x � t ��� � �

∂Ψ
∂y

� ∂Ψ
∂x

� 0 � 	 (2)

The geostrophic relation(1) — or relations,plural, if oneprefersto think in
componentsratherthanvectors— canbe motivatedasan approximationto the
horizontalmomentumequation.The validity of that approximation dependson
smallnessof the Rossby number, or, moreprecisely, on beingable to neglect
relative particle(Lagrangian)accelerationsagainstCoriolis accelerations,equiv-
alently relative particleaccelerations against f timesthe right-handsideof (1).
TheRossbynumber, measuringtheadvective contribution to therelative particle
accelerationagainsttheCoriolis acceleration,is usuallyof thesameorderas f 
 1

timesa typicalmagnitudeof therelativeverticalvorticity ∂v� ∂x

�
∂u� ∂y, � ∇2Ψ

if (2) holds. Hereu andv arethehorizontalvelocity components corresponding
to x andy, and∇2 is thehorizontalLaplacian.

The geostrophic relation(1) washistoricallyof greatimportancein early at-
temptsto understandthedynamicsof synoptic-scaleweathersystems. Thehistory
is sometimesdiscussedunderheadingssuchas“Buys Ballot’s law”, “cyclonicde-
velopmenttheory”,and“quasi-geostrophic evolution”. BuysBallot’s law is asur-
faceobserver’s counterpartof (1) andwasdiscoveredempirically throughearly
work with weathermaps.

The modernconceptof balancerecognizesthat, like the rigid-pendulum ap-
proximation, (1) is merely the lowest in a hierarchyof more accuratebalance
relations.Thenext memberis therelationstudiedby B. Bolin andJ.G. Charney
in the 1950s,in connectionwith efforts to develop practicalnumericalweather
prediction.TheBolin–Charney balancerelationretains(2) even if f varieswith
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latitude,andredefinesΨ to satisfy

∇ � � f ∇Ψ ��� ∇2Φ � ∇ � � u � ∇u � (3)

where∇ is horizontallytwo-dimensional. Equation(3) is anapproximationto the
divergenceequation,thelatterbeingtheresultof takingthehorizontaldivergence
of the horizontalmomentum equation.The relative particleaccelerationis now
retained.Its advective partgives riseto thelasttermof (3), while theremaining,
∂ � ∂t part is annihilatedwhenthe divergenceis taken, becauseof (2). It is only
becausethereareno∂ � ∂t termsthattherelation(3),with (2),qualifiesasabalance
relation.

Again becauseof (2), theright-handsideof (3) canberewritten in termsof a
Jacobianin u andv, as∇2Φ

�
2∂

�
u � v��� ∂

�
x � y� , or equivalently aHessianin Ψ so

that

∇ � � f ∇Ψ ��� ∇2Φ
�

2 � ∂2Ψ
∂x2

∂2Ψ
∂y2

� �
∂2Ψ
∂x∂y

� 2 � 	 (4)

Regardedasan equationfor Ψ whenthe massfield Φ is given, (4) is not trivial
to solve, becauseof the nonlineartermson the right. Iterative methodsneedto
beused.Theproblemof finding Ψ mayevenbecomeill-posedfor certainmass
fieldsΦ, adumbrating,for onething, the fact that thereexist massfields thatare
not evenapproximately balanceableby any velocity field. A simplethoughtex-
perimentto make this lastpointclearwouldbeto pile up thewholeof theEarth’s
atmosphereinto a narrow cylinder above theNorth Pole,leaving a vacuumelse-
where. It is obvious thatno velocity field u canbe in balancewith sucha mass
field. Regardlessof the choiceof u, the free evolution at subsequenttimes, in
any suchthoughtexperiment,would involve soundandinertia–gravity wavesof
enormousamplitude.Thatis, it would involvegrossimbalance.

Balancerelationsareusefulin practiceonly becausenaturally-occurringmass
fields, or at leastsmoothedversionsof themare,by contrast,often balanceable
to good approximation, as Buys Ballot’s law remindsus. In most suchcases,
(4) with suitableboundaryconditionsis awell-posednonlinearelliptic boundary-
valueproblemin the flow domain,the primary exceptionbeing flows nearthe
equator, whereRossbynumbersarenot small and(4) may fail to be elliptic, as
canbeverifiedfrom thetheoryof Monge–Ampèreequations.Againthefailureof
ellipticity adumbratesaphysical reality (thoughnot in away thatis quantitatively
precise),namelythe fact that balanceis liable to breakdown through“inertial”
and“symmetric” instabilitiesneartheequator, where f changessign.
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Balancerelationsstill moreaccuratethan(4) canbedefinedif oneis prepared
to dealwith morecomplicatedsetsof equations.Thenext relationin thehierarchy
— to bereferredto hereasthe“generalizedBolin–Charney balancerelation” —
is the first in the hierarchyto yield a nonvanishing vertical componentof u. It
wasimplicit in the pioneeringwork of Charney publishedin 1962,in a famous
paperentitled“Integrationof theprimitive andbalanceequations”. It startswith
(2) and(4) but thenaddsto theresultingu field ahorizontallyirrotationalcorrec-
tion field governedby anothernonlinearelliptic boundary-value problemin the
flow domain,ageneralizationof the“omega equation” previouslydevelopedby
N. A. Phillips andothers. The correctedu field is an asymptotically consistent
improvementon (1), for small Rossbynumber, in the sensethat it is oneorder
moreaccuratein powersof theRossbynumber. Theboundary-valueproblemis
derivedby taking∂ � ∂t of (4), theneliminatingall theresultingtimederivativesus-
ing theexactmass-conservation andvorticity equationsandtheinverseLaplacian
of thevorticity equation.Thevorticity equationexpresses∇2 � ∂Ψ � ∂t � in termsof
diagnostically known, or knowable,quantitiessuchasthecorrectedu field; sothe
inverseLaplacianis neededin orderto eliminate∂Ψ � ∂t from ∂ � ∂t of (4).

Thisprocessof eliminatingall thetimederivativeshasto bepossible, in prin-
cipleat least,if theendresultis to beabalancerelation,whichby definitionmay
not containany time derivatives.Whentheeliminationis carriedout explicitly, a
rathercomplicatedsetof integro-differentialequationsresults,containing Green’s
function integrals whosedetailsdependon the geometryof the flow domain. It
may thereforebe computationally moreconvenient to work with a setof equa-
tionsfrom which ∂Ψ � ∂t hasnotbeeneliminated,but hasbeenallowedto remain
asan unknown that can, in principle, be eliminated. Then“∂Ψ � ∂t”, in quotes,
so to speak,mustbe regardednot asthe actualrateof changeof Ψ but, rather,
asan auxiliary variable— betterdescribedasa diagnostic estimateof the rate
of change,which mustbe expectedto differ, in general,from the actualrateof
changeof Ψ. To avoid confusionover this point a specialnotationis sometimes
used,suchasΨ1 for adiagnostic estimateof ∂Ψ � ∂t, Ψ2 for ∂2Ψ � ∂t2, andsoon.

The generalform of the functionaldependencedefining a balancerelation,
assuming abalanceablemassfield Φ

�
x � t � , is

u
�
x � t ��� uB � x;Φ

� ��� t ��� (5)

whereit is againemphasizedthatnoderivativesor integralswith respectto t may
appear:it mustbe possible, in principle at least,to eliminatethemall. Time t
enterssolely via the secondargumentΦ

� ��� t � of uB. The notationΦ
� ��� t � fol-

lowsmathematical conventionandsignifiesnonlocalspatialdependence.In other
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words,thesecondargumentof uB is thewhole function, Φ of x, over thewhole
flow domainat the given instantt — not merely the value of Φ at the single
valueof x to which the left-handsideof (5) refers. Suchnonlocalfunctionsare
sometimescalled “functionals”. Even the geostrophic relation(1) is enoughto
illustratethepoint, thoughit involvesnothingmorethanthebehavior of Φ in the
immediateneighborhoodof x — moreprecisely, it involvesenoughaboutthat
behavior to permit the evaluation of the two horizontalderivatives. The Bolin–
Charney balancerelations,generalizedor not,arefully nonlocal,asis plain from
theoccurrenceof elliptic partialdifferentialoperatorslike ∇2 and,implicitly or
explicitly, the associatedGreen’s function integrals. To find u from Φ or vice
versa,onehasto solveelliptic partialdifferentialequationsin theflow domain,as
alreadyemphasized,implying for instancethat thevalueof u at somepositionx
will dependonvaluesΦ

�
x ��� t � at otherpositionsx � well outside theneighborhood

of x.
ThegeneralizedBolin–Charney balancerelationis oftenaccurateenoughfor

practicalpurposes,suchasobservational dataanalysisandassimilation,andthe
initializationof thefull dynamicsfor numericalweatherprediction.Of fundamen-
tal interest,however, from a theoreticalviewpoint, is the fact that the patternof
eliminationof time derivativescanbeextendedevenfurther, resultingin balance
relationsthataremoreaccuratestill. The ideasinvolved seemto have beenfirst
exploredby K. H. Hinkelmannin the1960s,in connectionwith theinitialization
problem,and were later approachedfrom anotherdirection, basedon normal-
modeexpansions, by B. Machenhauer, F. Baer, J.Tribbiaandothers.

Themostaccuratebalancerelationscan,in somecircumstances,be far more
accuratethanvaluesof parameterslike the Rossbynumbermight ever suggest;
andthis accuracy extendsover a far wider rangeof parametervaluesthancould
reasonablyhavebeenexpecteda priori — with valuesnumericallyof orderunity,
andeven greater, in somecases.This astonishing fact — discoveredby W. A.
Nortonin thelate1980s,throughingeniousnumericalexperiments— cannotbe
deducedby inspection of the momentumequationsor other forms of the equa-
tions of motion. It involves greatmathematicalsubtlety, andfull understanding
hasyet to be achieved. Someinsight hascomefrom studies of a relatedphe-
nomenonin classicalaerodynamics,the weaknessof aerodynamicsoundgener-
ation or “Lighthill radiation”. Recent work at the cutting edgeof this problem
canbe found in papersby O. Bokhove, O. Bühler, D. G. Dritschel,R. Ford, J.
C. McWilliams, A. R. Mohebalhojeh,S.Saujani,T. G. Shepherd,J.Vanneste,D.
Wirosoetisno, I. Yavnehandothers,appearingin the literaturefrom about2000
onwards.
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Amongotherthingsthis recentwork hasprovidedaclearanswer, in thenega-
tive,to aquestionposedin 1980by E.N. Lorenz:Couldtherebeanexactbalance
relation? Couldtherebeunsteadystratified,rotatingflows thatevolve in sucha
way that freely-propagatinginertia–gravity wavesarecompletelyabsent?More
precisely, is therea slow manifold within the full phasespacethat is indeedan
invariantmanifoldof thefull dynamics?

Theanswerin thenegativehassometimesbeenviewedwith surprise,perhaps
becauseKAM theoryhasshown that therearespringy-pendulum examples,and
similar examplesfrom other low-orderdynamicalsystems,in which the corre-
sponding questionhasa positive answerasemphasizedin work by O. Bokhove,
T. G. Shepherdandothers. In dynamical-systems language,thereareswinging
modesthatconfinethemselvesto invariantmanifoldsin theform of “intact KAM
tori”. In suchcases,theswinging motionof thependulumevolvesasif thelength
of thespringandtheelevationof thebobwereexactlyslavedto eachother.

But the negative answer, for atmosphere–oceandynamics,is now very clear
from variouslinesof argumentbeginning with pioneeringwork of R. M. Errico
andT. Warn,andstronglyconfirmedby the recentwork mentionedabove. It is
alsoimplicit in thenonlocalness, or action-at-a-distance,expressedby (5). Infor-
mation(aboutchaoticvortex motionfor instance)cannotin realitytravel infinitely
fast. Relatedto this is the fact thatLighthill radiation,thoughoftenexceedingly
weak(accountingfor theastonishing accuracy foundby Norton)is almostalways
nonzero.In theatmosphere–oceancontext, thissaysthatunsteadyvorticalflow al-
mostalwaysradiatessoundandinertia–gravity waves,thoughoftenveryweakly.
Thisin turnrelatestodynamical-systemsconceptssuchasPoincaŕe’s“homoclinic
tangle”andthebreakupof KAM tori into thin “chaoticlayers”or “stochasticlay-
ers”. Lighthill’ s ideasmake it overwhelmingly probable,even thoughnot yet
proven rigorously, that the so-called“slow manifold” is sucha stochasticlayer.
Thoughastonishingly thin in places— over a farwider rangeof parametervalues
thancouldreasonablyhave beenexpecteda priori — it is not a manifold,which
by definition is infinitesimally thin. Thoughastonishingly accuratein somecir-
cumstances,theconceptof balanceis inherentlyandfundamentally approximate.
Thelayeris sometimesreferred to, therefore,asthe“slow quasimanifold”.

(Arguably, aself-contradictorytermlike“fuzzy manifold” is bestavoided.By
its mathematicaldefinition a manifold is a perfectlysharp,smoothhypersurface
andnotat all fuzzy. Thus“fuzzy manifold” wouldaddyetanotheritemto thelist
of self-contradictorytermslike “variablesolarconstant”and“asymmetricsym-
metricbaroclinicinstability” — which of coursewe inevitably have to live with
but, perhaps,neednotaddto.)
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Oneof the mostpeculiarmanifestations of slow-quasimanifold fuzzinessis
thephenomenonsometimescalled“schizophrenia”or “velocitysplitting”. This is
agenericpropertyof themostaccurate“balancedmodels”.

Justas the swinging modesof the springypendulumcanbe describedin a
simplified yet remarkablyaccuratemannerby imposing a functionalrelationbe-
tweenspringlengthandbobelevation,vortical flows canbedescribedby simpli-
fied“balancedmodels”,constructedby imposingabalancerelationfrom thestart.
This forcesatrueslow manifoldinto existence.Theinitializationof suchamodel
requiresonly a singlescalarfield to be specified,suchasthe massfield, or the
potential-vorticity field in the generalizedsense.This scalarfield is sometimes
calledthe“master”field or “master”variableof thebalancedmodel,to whichall
otherdependentvariablesareslaved. The modelhasonly oneprognostic equa-
tion, involving only onetruetimederivative,therateof changeof themasterfield
— asdistinctfrom thediagnosticestimatesof timederivativesthatmaybehidden
insidethe definitionof thebalancerelation(5), suchasthe diagnosticestimates
Ψ1 � Ψ2 ��	�	�	 alreadymentioned.

A famousexampleof sucha modelis the “Bolin–Charney balancedmodel”
or “Bolin–Charney balancemodel”,or “isentropic-coordinatebalanceequations”,
so-called,in which either massor potentialvorticity can be taken as the mas-
ter field. Both areadvectedby the velocity field determinedvia the generalized
Bolin–Charney balancerelation. Here,as implicitly above, the term “potential
vorticity” is to beunderstoodin its exact(Rossby–Ertel)sense,andis to beeval-
uatedwith the samevelocity field, namelythat given by the generalizedBolin–
Charney balancerelation.

Now theterm“velocitysplitting” refersto thefact,only recentlynoticed,that
nobalancedmodelmoreaccuratethantheBolin–Charney modelcanhaveasingle
velocity field thatadvectsbothmassandpotential vorticity, andfrom which the
exactpotentialvorticity is evaluated.Paradoxicalthoughit mayseemat first, all
suchhighly accuratebalancedmodelshave onevelocity field to advectthemass,
andanotherto advect the potential vorticity. At the highestaccuracies, the two
fields differ by only a tiny amount,but differ they must. Relatedto this is the
fact,alreadymentioned,thatdiagnostic estimatessuchasΨ1 � Ψ2 ��	�	�	 differ from
truetime derivativessuchas∂Ψ � ∂t � ∂2Ψ � ∂t2 ��	�	�	 In all theserespectstheBolin–
Charney balancedmodelhasturnedout to bewholly exceptional.

Velocitysplittingwasfirstnoticedfor Hamiltonianbalancedmodelsconstructed
from thefull dynamicsby themethodof R. Salmon.All suchmodelsexhibit ve-
locity splitting, at all levelsof accuracy, thoughin a slightly differentsense:one
velocity field advectsmassandpotentialvorticity but anotherevaluatespotential
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vorticity. As Salmonfirst showedin the1980s,themodelscanbeconstructedin
a systematicway by imposing thebalancerelation(5) asa constrainton the full
dynamicswithin the Hamiltonian framework. Technicallyspeaking,the crucial
stepthatproducesa balancedmodelwhile preservingHamiltonianstructureis to
restrictthe“symplectic2-form” of thefull dynamics(a mathematicalobjectthat
cancontainboth theHamiltonianflow in phasespaceandvariationsaboutit) to
thesubmanifoldin phasespacedefinedby (5).

As Salmonpointedout, oneof the reasonsfor usingtheHamiltonian frame-
work is that it provides control over conservation principles. The framework,
properlyapplied,guaranteesthat the balancedmodelwill fully respectthe stan-
dardconservationprinciplesfor mass,momentum, andenergy, aswell asthema-
terial conservation(materialinvariance)of potentialvorticity. However, thereis
a fundamentaltensionbetweenaccuracy and conservation. The most accurate
balancedmodelscannotbeexpectedto respectconservation,beyondthematerial
invarianceof potential vorticity. Thatis becausethey aretrying to mimic vortical
flows thatin realityproduceLighthill radiation,which involveswave-inducedlo-
calmassrearrangement,andwave-inducedfluxesof energy andmomentum,none
of whichcanbeexactlydescribedby thebalancedmodel.It is thereforearguable
thatthemostaccuratebalancedmodelswill, by thatveryfact,notrespectthestan-
dardconservationprinciplesfor mass,momentum, andenergy. Onecannothave
bothaccuracy andconservation.Somethinghasto giveway.

Within theHamiltonianframework,whichautomaticallypreservestheconser-
vationprinciples,whatgivesway is theconceptof a uniquevelocity field. Less
obviously, thesamething happenswith non-Hamiltonianbalancedmodelsof the
highestpossible accuracy — essentiallybecausetheneglectof Lighthill radiation
still implies an imperfectrepresentationof local massrearrangement.This be-
comesnoticeable,evenwith anon-Hamiltonianbalancedmodel,assoonasoneis
computingwith enoughaccuracy to seethefuzzinessof theslow quasimanifold.

Noteon terminology: The readeris warnedthat the term “geostrophicbal-
ance”andits shorthandform, “geostrophy”,aresometimesusedin the literature
to meanbalancemoreaccuratethangeostrophic, i.e. moreaccuratethan(1). A
commonexampleis thephrase“geostrophic adjustment”, whichrefersto themu-
tual adjustment of the massand velocity fields to approachbalanceor to stay
closeto balance— and “balance” of course,in real fluid flow, meansnot (1)
but themostaccuratepossible balanceof the form (5). The example of a circu-
lar vortex adjustingtoward ageostrophic, gradient-windbalancewhile radiating
inertia–gravity wavesis enoughto illustratethepoint. Gradient-windbalanceis
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theparticularcaseof Bolin–Charney balancethatappliesto asteadycircularvor-
tex. For thecircularvortex it holdsexactly when f is constant,andis equivalent
to (1) plusa correctiontermrepresentingrelative centrifugalforce. Thusby im-
plicationwe have anotherpieceof self-contradictoryterminology, “ageostrophic
geostrophic adjustment”, unfortunatelywell established.

It may alsobe notedthat the term“adjustment”is itself usedin two distinct
sensesthat are sometimes confusedwith eachother. The first is “Rossby” or
“initial-condition” adjustment, the mutual adjustment of the massand velocity
fields towardbalancethatoccursprimarily becausea systemis startedin anun-
balancedstate,anextremeexamplebeingthethoughtexperimentdescribedabove.
Thesecondis “spontaneous”adjustment, thecontinualmutual adjustmentof the
massandvelocity fields to staycloseto balancein unsteadyvortical flow, even
after initial conditionsareforgotten.This secondprocess,a far moresubtleone,
is theprocessthatproducesLighthill radiation.It setstheultimate limitationsof
thebalanceconceptitself. For all theforegoingreasons,someauthorsarebegin-
ning to avoid theterm“geostrophic adjustment”, insteadusingtheterms“Rossby
adjustment” or “spontaneousadjustment” asappropriate.Lighthill radiationmay
alsobereferred to, therefore,asthe“spontaneous-adjustmentemission” of sound
andinertia–gravity wavesby unsteadyvortical flows.

See also

Buoyancy and Buoyancy Waves: Theory. Coriolis Force. Dynamic Mete-
orology: Waves,PotentialVorticity. Hamiltonian Dynamics. Instability: In-
ertial Instability; SymmetricStability. Kelvin–Helmholtz Instability. Quasi-
geostrophic Theory. Teleconnections. Vorticity. Wave Mean-flow Interac-
tion. Weather Prediction: DataAssimilation.
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