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Chapter 1

1. Small oscillations

This chapter contains the rst set of syllabus items: small cillations and
equilibrium; normal modes and normal coordinates, examee.g. vibrations
of linear molecules such as CQO

Administrative note: All footnotes are non-examinable: if you don't like 'em, you
don't have to read 'em. Other sections in small print are either (a) administrative, like
this section, or (b) non-examinable if °agged as such, like thePreamble below, or (c)
worked examples that will not be covered in the lectures, or (J reminders of relevant
parts of earlier courses. For this course it's recommended thayou revise vector spaces
and matrices, including unitary transformations . Also needed will beLagrange's equations
from dynamics.

As far as | am aware these printed notes are accurate. Howeveif anyone de-
tects an error or obscurity, no matter how minor, please email ne as soon as possible
(mem@damtp.cam.ac.Qk Or, if you prefer anonymity, email nst@maths.cam.ac.uk. Any
necessary corrections will go into the online copy of the notegwebsearch"NST class"
Mclintyre ). See the date at bottom left of page 1.

Preamble (non-examinable)

Science, like ordinary perception, works by tting models to data. (Models are partial,
approximate representations of reality, with some models “tting better than others.!) An
important class of models in the natural sciences comes undehé headingclassical theory
of small oscillations small-oscillations theory for short. Itis the “rst topic in the se lectures.

The classical theory has countless applications, ranging fromnobing the Sun's interior
to environmental noise control, the design of earthquake-restant structures, jet-engine
and mobile-phone design | and on and on. And it is an essential prdude to the quan-
tum theory of molecular vibrations and energy levels. That in turn tells you how lasers

!Discussion & refs. in www.atm.damtp.cam.ac.uk/mcintyre/kobe-lecture.pdf , Pp.
26{32. (There is an astonishing history of these points being missk| even by Trst-rate
thinkers as in the dispute between Ernst Mach and Ludwig Boltzmann | and again, for
instance, in the “science wars' that °ared up in the 1990s.)
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and quantum computing work and why, for instance, oxygen and iitrogen but not CO»,
are transparent to infrared radiation | this involves small osc illations on femtosecond
timescales | and why life as we know it depends on temperaturesstaying within a certain
range. Small-oscillations theory underlies all of this.

1.1 Examples

Example 1.1 The simple pendulum

For small oscillations in a xed vertical plane, the pendulm is a system
with one degree of freedom exhibitingarmonic motion, in the sense of simple
sinusoidal motion.

Fig. 1: A simple pendulum of lengthl with a massm.

We regard the pendulum as a massless rod of constant lengilpivoted to a
“xed point at one end and with a point massm attached at the other. For
angular displacementu(t) the equation of motion i

mlﬁz i mgsinp

where the dots mean di®erentiation with respect to time For small y, the

equation linearizes to g

=i I—U
whose general solution is

u= Asin! (tj to); where! 2 = g=| :

2The tangential acceleration is simply I& because of the conditionl = constant, a
constraint on the motion; without that constraint there'd be another con tribution 2 ..
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The solution has two arbitrary constants of integration, tre amplitude A and
the phase orphase angle !t o. _

Example 1.2 Coupled pendula: equal masses

First we take identical pendula with massesn on massless rods of length
joined by a massless spring with restoring forde£ extension. The length of
the spring is such that the system is in static equilibrium whn the pendula
are vertical. Again we assume that motion is con ned to a veital plane.

The extension of the spring il(ke | [u), t0 suxcient accuracy in the
linearization for small i, and .

Fig. 2: Coupled pendula of equal masses and lengths
For small oscillations, therefore, the equations of motioare

mA = i mgw+Ki(ei w) (1.1)
miB = i mg+ k(i ) (1.2)
A typical solution for y would look quite complicated:

A AT A L
Y I

Fig. 3: The generic behaviour fony(t) is not haernic motion. (The
expression (1.3) below is plotted fot =1, - = 1.4, A=B=1)

2
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Energy is transferred back and forth between the two pendulaThis is not
harmonic (i.e. simple sinusoidal) motion. However, therare harmonic so-
lutions of the coupled equations, which are obvious both fro inspection of
the equations and from physical intuition:

() In-phase solution, . = . The joining spring exerts no force, since its
length doesn't change. Each of the equations reduces to thense form, e.g.

mif = | mow ;

as if the two pendula were uncoupled. Sp, = [ = Asin! (tj tg), where
again A and to are arbitrary constants and! 2 = g=I.

(i) 180 * out-of-phase solution , |h = j . Each equation again reduces
to the same form, e.g.

mif = | (mg+ 2Kkl ;

with solution
= Bsin-(ti ty);

where -2 = g=I+2k=m. Notice that - >! , though not by much if Z&I=mg
is small.

Each of these two special solutions has a single, pure fregag namely
P — P—
' = g=l in case (i} -= g=I+2k=m in case (ii).

The two simple modes of oscillation represented by these s solutions are
called normal modes of oscillation. Their frequencies are calledormal
frequencies , short for ‘normal-mode frequencies'.

The general solution fory can be written as linear combinations of the
normal-mode solutions, involving the four arbitrary consints A, B, t, and
tq1, i.e.

= Asin! (tj to)+ Bsin-(tj ty): (1.3)

It is the general solution because (i) it certainly satis egshe equations,
being just the sum of two solutions | the principle of superposition
applying because the equations are linear | and (ii) it contans the correct
number, four, of arbitrary constants. The corresponding geral solution for
b IS evidently

k= Asin! (tj to)j Bsin-(tj ty): (1.4)

5



This follows from the relationsy = [ and |y = | | already noted, respec-
tively, for the in-phase (A 6 0; B = 0) and out-of-phase @A = 0; B 6 0)
solutions.

If - =! is not equal to any rational number (ratio of integers), therthe
general solution islpot perg)odic. The case of gure 3 abovduitrates this
point, since -=! = = 1.4 =" (7=5).

The special linear combinationgy + |, and | | e, Which do oscillate
simple harmonically and are, therefore, periodic | speci ally, W + b =
2Asin! (tj to), and Wi K =2Bsin-(tj ty) | are called the normal
coordinates for this problem. |

Example 1.3 Coupled pendula with unequal masses; Lagrange's equations

The setup is as in Example 1.2 except that the masses are takéem be
di®erent,m; and m, say. This time we use a more sophisticated approach,
which will point toward the general theory.

Although we could use the natural coordinatex; and x, (the position
vectors of the masses) together with the two constraints (#two rods have
constant lengths), it is easier to use the generalized coandtes |y and |, as
before. We can then use a standard result of dynamidsagrange's equations
a recipe for writing down the equations of motion for a very geeral class of
systems.

(Recall that generalized coordinates in dynamics meansany set of numbers that
speci es the con guration  of the system at a given instant. The con guration means
the spatial locations and orientations of all its components,hence the distribution of mass
in the system, taking account of any constraints | in this case the fact that | = constant.
The generalized coordinates can be angles, lengths, areas, wales or whatever is relevant
and convenient. Here, of course, it's angles that are relevarand convenient.)

In our case there are two generalized coordinates and themef two La-
grange's equations, one of which is

1
i'e' @ _g
it @ ' @u
and the other the same with suxx 2 instead of 1. Here théagrangian
function L, "Lagrangian' for short, is de ned to be the di®erence

L=Tj V
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whereT and V are the kinetic and potential energies of the whole system
expressed in terms of the generalized coordinates and thiine derivatives
in our casepy, ko, Hi, and pb.

(The partial derivatives in Lagrange's equations then makesense. For instanced. =@
means, by de nition, di®erentiation that varies y while arti cially holding 4, [, and
e constant. That is, these partial derivatives refer only to the prescribed functional
dependence ol upon its four arguments py, b, &, and pp. At this stage the symbols py,
b, K, and o mean just the four arguments of L, not the functions of time required to
describe the dynamical evolution.)

For our system the total kinetic energyT is exactly imI% + Im,l%g,
a function of |4 ; | alone, and the total potential energy is evidently a functio
V(M ko) of iy and [, alone | i.e. V, being the gravitational plus the elastic
energy, is a function of the system con guration alone and hof its rate of
change. Thereford. has the form
L= 2m%E + Imal8 i V(b 1)

(Thus, for instance, @=@s = mil’s. And remember that the d=dt in Lagrange's
equations is a di®erent animal altogether; it does, of coursegfer to the time dependence
of the dynamical evolution; thus (d=dt) (QL.=@%) = mllzﬁi.)

For small amplitude, correct to leading order, which for theenergies is
guadratic order. the total potential energy is approximately

V= maghg + Imagh + I3 i )2

since as before the extension of the spring lig; j |y, to suxcient approxi-
mation. In summary, therefore, the Lagrangian function is

L (M) Ho; b He) = 3Mal®8 + 2mol®8 i Imugh i Imoglid i 3KkI% (ki w)?;

and the equations of motion are

mif = i magwi Ki(ui ) (1.5)
Mol = i magpe+ Kl(i o) (1.6)
or, in matrix form,
M TH 41 M w1
ml 0 @A _ imgj K ki ty 17
0 ml fA Kl i mgi kI '
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This matrix equation can be rewritten as

TA= | VX
where the column vectorx = ([, k)" and where the matrices
- umll2 0 2ﬂ _ v = Hi m19|2i kl? kl? 2‘ﬂ . (18)
0 molc ’ kl i mogli kI
have been de ned in a standard way, such that the Lagrangian
L= 3Tk i 3Vi MK (1.9)

to quadratic order (summation convention,i;j each running from 1 to 2).

There are various ways of solving these equations. The mostraentary
is to use (1.5) to eliminatey, from (1.6). This results in a fourth order
equation with constant coezcients forpy, the general solution of which will
be a sum of four complex exponential terms.

(As usual it will be convenient to use complex exponentials in pace of sines and

cosines. After solving the equations we can take the real part, hich also satis es the
equations because they are linear equations with real coexents.)

Since we know from the above reasoning that the solution wilontain
only exponentials, we may as well try immediately a solutionf the form

= et = aE"

where a; and a, are constants. By de nition this will be a normal mode,
because the coordinates will oscillate sinusoidally witrhe same frequency.
For such a solution we can replace each time derivative in egfion (1.7) with

i and cancel the exponentials, giving

A A ! A A !
my O Q i mgi Kl kl =1
1?2 = (1.10)
0 moyl a Kl i mygi Kl a
i.e. A A |
12mql i magj Kl Kl a
=0: (2.12)
ki I2myol | megi kI &

This equation has nontrivial solutions only if! ? takes values satisfying

12mql i magj Kl ki

=0: (1.12)
kI 1 2m,l i megi Kkl
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Calculating the determinant gives a quadratic equation iri 2,
(' 2mal i magi KD(!2mali magi kl)i (kI)2=0;
i.e.
mimp(t 2§ @)% (ma+ ma)((! % gkl =0 ;
which has solutions

_ 9 _ 9
12 = T and 12 = T
generalizing those on page 5. Corresponding to each of theskitions, there

is a pair of amplitudes

k(my + my)
m;ms;

(a’;ay’) and (ay;a}’)

that can be determined up to an overall scale factor from eqtian (1.11).
Thus for ! ; we have

A Y . 1
ikl okl _al!
@ A=0; (1.13)
kI ki a
so that a(ll) = a(21>. This corresponds to the two masses swinging in phase.
For ! ,, we have
~ I 1
(My=my)kI ki _a?
@' A=o0: (1.14)
kl (ma=my)kl a?

so that mla(lz) = mza(zz). This corresponds to the two masses swinging

180" out of phase, with scaled amplitudes. By picturing the situéion and
remembering Newton's third law | the spring exerts equal and opposite
forces | one can see that the accelerationsand therefore the amplitudes
must scale in just this way. (It's easiest to consider rst tle limit g=I! 0.)

As in the case of equal masses, we can nd the normal coordiest the
special linear combinations ofy and |, that oscillate simple harmonically,
with a single, pure frequency, in this case eithér, or ! ,. This can be done
by taking linear combinations of equations (1.5) with (1.6) Adding them
gives ) ;

I(mf + maf) = i g(map + Mapk)
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whereas dividing the rst by ml, the second bymz, and subtracting gives

R A= g+k|(m'1+mz)(uln k) :

So My + My), (ui Ke) are the normal coordinates for this problem. _J

Remark : In more complicated small-oscillations problems, it is wth pay-
ing attention to symmetry properties. There are many imporant problems
with symmetries; that is why group theory is so important in physics and
chemistry. The usefulness of symmetry considerations wilke illustrated in
a worked example below (equilateral triangle problem, Exaphe 1.5) and at
the end of the the course.

The pendulum problem just analysed has an obvious re°ectiahsym-
metry in the casem; = m,. In that respect it is like the CO, molecule
(Example 1.4 below). The equations of motion express the symetry in that
they are unaltered by the transformationyy, $i |b, When ml = m,. (This
is shorthand for making the substitutionspy = j 5%, =i K" and then
dropping the superscripts.) Notice that it is the second ofrte normal modes
found above that's invariant under this particular transfamation. That is,
any motion described by the second normal mode alone looksaetty the
same when re°ected about a vertical plane halfway betweendhwo piv-
ots. Typically, for each symmetry of the system, there will b at least one
invariant mode.

1.2 General analysis of small oscillations

1.2.1 Lagrange's equations

We consider a system withN degrees of freedom, i.e. one that can be de-
scribed by means ofN generalized coordinates

Gh; Gp; i) On:
We may refer to these coordinates as the vectagy, meaning column vector
as before.
Let V(q) be the potential energy of the system and assume that the
coordinates have been chosen so that= 0 is a position of stable equilibrium.

Expanding V (q) by Taylor series about the origin for smallq gives (using
the summation convention and Writing@vz@@g’q:o = Vi)

V(g)= V(0)+ 1Vjqqg + ¢¢¢
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whereV; represents the components of a constant, symmetric, senogitive
matrix V. Once again there are no linear terms, sin@®@V=@=0 at g = 0,
this being the condition for equilibrium. We will take V (0) = 0, without loss
of generality, since this constant plays no part in determing the motion.

(V is semi-positive or non-negative, i.e.Vj gg > 0 for all g, implying that all the
forces derived from the potential are either restoring force or zero.)

Let T be the kinetic energy of the system, which will generally demd
on g and g. To second order, however, we assume that it can be written in
the form

T=3Tjqq;
whereT; represent the components of eonstant symmetric positive-de nite
matrix T.

(Unlike V, T is taken to be positive de nite. That is, T gg > 0 for all nonzerog.
Thus, all modes of oscillation contribute to the kinetic energy at lowest order. If g has
dimensions of length, thenT has dimensions of mass; if| is dimensionless (e.g. angles),
then T has dimensions of moment of inertia. If theqg have a variety of dimensions |
e.g. lengths, angles, areas | then the matrix elements T; have a corresponding variety of
dimensions and similarly for the V; .)

The Lagrangian for the system is, to rst nontrivial order (ie. quadratic),
L=Ti V=3Tjdqi 3Vjqq :
Lagrange's equations are
1
d @ = @q
Therefore the equations of motion (equivalent to Newton'salvs) are the
following system ofN coupled second order linear equations:

(i=1;:xN):

Tid+V;q =0; (1.15)

1.2.2 Normal modes

The idea of normal modes is the same as before. The normal medee
those special solutions of (1.15) that oscillate with a sithg, pure frequency.
To nd them try complex exponentials or, equally well,

G(t) = Qisin! (tj to);
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whereQ is independent oft. Substitution into the equations of motion gives

i 1°T;Q +V;Q =0 (1.16)
or in matrix notation, with Q = fQq; Q; :::; Ong',
(i'’T+V)Q=0: (1.17)

Since we are looking for a nonzero solutioQ, linear algebra tells us that
det(j ' °T+V)=0: (1.18)

This is a polynomial of degreeN in ! 2. The solutions are the normal fre-
guencies squared.The normal frequencies must be redltheir squares non-
negative), since we can multiply (1.16) byQ; and sum to give

2= iQQ
Tij QiQ
This expressioR is non-negative under our assumptions abodt and V .
In the special casd = |, the solutions for! 2 are simply the eigenvalues of

the symmetric matrix V. So in the general case wheft 6 | we'll call them
the generalized eigenvalues of the problem (1.17), and the corresponding
vectors Q the generalized eigenvectors .*

Let the normal frequencies, de ned as the positive squareats of the
generalized eigenvalues, be

Ly !

'2;| .....I

311N1

3The expression is known as Rayleigh's formula, or Rayleigh's uptient: for ! 6 0
it has the useful “stationarity property’ of being O(22) accurate when Q is O(?) ac-
curate. You don't need to remember any of that for the examinaion. Just for fun,
though, consider the e®ect of replacing the trueQ for a normal mode by slightly inac-
curate valuesQ + xQ, with small +Q all O(2) as2! 0. Rewrite Rayleigh's formula
as! ZTU QiQii \I/ij QiQi =0, using the symmetry of T; and Vj . Small changes satisfy
21T 1 QQi+2 2Ty Qi Vj Qf +Q = O(2?), again using symmetry. But (1.16) shows
that the expression in brackets is zero and hence that! = O(22). This is related to a
much more general principle of classical and quantugn mechansc the principle of least
action or stationarity of the so-called “action integral' L dt, and of quantum-mechanical
“path integrals'. See Chapter 19 of Feynman's greatectures in Physics vol. .

“We can always reduce the problem to the cas& = |, by making a rotation of coordi-
nates that diagonalizes the symmetric matrix T, and then rescaling the new coordinates
so that the diagonal entries in the newT are all 1. If a further rotation (which does not
a®ectT) is now made to diagonalizeV, then the resulting new coordinates are normal
coordinates, as can easily be seen from the equations of motion.
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and let the corresponding generalized eigenvectors be

(1); Q(Z); T Q(N)
each withi™ component
Q_(l)- Q{Z). QgN)
Q7 i Q@
(i =1;:::;N) so that the generalized eigenvalue for the"" normal mode
satis es (m) Am) (M)
12 = Vi—i(m)ng)ng) (1.19)
Tij Qi Qj
as already noted. Then we can write the general solution in éhform
X\I -
q(t) = AMQM sin! (ti t§"); (1.20)
m=1

where the constantA™ is the amplitude of them"™ normal mode, and the
constant ! ty" its phase. This assumes that none of the generalized eigen-
values! 2 are zero.

For so-calledzero modes, for which ! 2 = 0 by de nition, the sine
function in the term A™ sin! ,(tj t5") must be replaced by a linear function
B™(tj t§"). This can be shown by taking the limit! , ! 0, with B™
de ned as A™! ,, and held constant.

The solution (1.20) is not, of course, generally periodicyust as the func-
tion in gure 3 on page 4 is not periodic. Only if all the frequecy ratios are
rational do we have periodicity.

Remark on terminology The polynomial equation (1.18) for the general-
ized eigenvalues 2 is sometimes called the “characteristic equation'.

1.2.3 Orthogonality

Suppose that two of the generalized eigenvectors, sy, Q® , have distinct
normal frequencies!; 6 ! ,. Then Q® is orthogonal to Q® in a certain
sense. From (1.17) we have

(i 13T +V)QY = 0

and
(i 15T +V)Q® =0:
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If we premultiply these equations by the row vectors (Q®)" and (Q®)"
respectively and add the results, then the/ terms cancel because of the
symmetry of V, implying Q®V; Q" = Q"V; Q. Similarly using the
symmetry of T we get

(121 1) (Q¥)'TQ® =0

Since (2] !5) 60, we have Q¥)'TQ® =0. We say that Q¥ and Q®
are “orthogonal with respect toT .

If 1 2 =13 then the proof fails. But it can be shown from standard linear
algebra that there exist linearly independenQ® and Q®. From these, an
orthogonal pair can always be constructed (‘Gram{Schmidtrthogonaliza-
tion', see below). So by rescaling th@‘™ such that (Q™)'TQ ™ = 1 for
eachm, we nally have a set of generalized eigenvecto@'™ that satisfy

(QM)'TQ™ = &, (1.21)

where 4, is the Kronecker delta. We then say that theQ™ make up an
orthonormal set of generalized eigenvectors.

These results are slight generalizations of the standard lineaalgebra results about the
eigenvalues and eigenvectors of symmetric matrice¥ = V'. Indeed, in the important
special casel = | they are exactly the standard results, applied to the matrix V.

Just a reminder: “rst, the eigenvalues of a real symmetric matrk are real, and non-
negative if the matrix is non-negative in the sense that its qualratic form always > O.
Pairs of eigenvectors e(™); (™ corresponding to distinct eigenvalues are orthogonal and
can be rescaled to be orthonormal, ¢™)T1e(™ = (e(M)TeM = +

Second, if there is a doubly repeated eigenvalue! f say, then there is a whole plane
of eigenvectors spanned by a pair of linearly independent e@nvectors corresponding to
12 saye®, e®. This means that three numbers ~1; »;° can be found such that
e + 7,e@ s orthonormal to °e® as well as to the eigenvectors for di®erent
frequencies. |If there is a triply repeated eigenvalue then th same applies except that
“plane’ becomes “volume', and so on. The general procedurercde found in textbooks
under the heading "Gram{Schmidt orthogonalization'.

Third and "nally, when T 6 | then everything goes through with just one minor
modi cation. Whenever inner products of the form (e™)Te(™ occur | also called
scalar products and written as e(™¢e(™ or (e™); e™) | they are replaced by
generalized inner products  of the form [e(™;e™M] = (e™)TTe(™ just as in
(1.21). It all works perfectly because of the positive-de niteness ofT .

The idea of “generalized inner products' will crop up again inthe group-theoretic
sections. There, T will often be Hermitian, T = TY, where?Y means the transposed
complex conjugate, TY = T°T,
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1.2.4 Normal coordinates

Normal coordinates®™(t) are, as before, just those linear combinations of
the original generalized coordinates (t) that oscillate with the single, pure
frequency! ,,, and satisfy the same simple-harmonic equation as the sirepl
pendulum. As soon as we are in possession of an orthonormal afegen-
eralized eigenvector™ we can immediately nd the normal coordinates.
For if we multiply the j™ component of (1.20) byQ!”T; and use (1.21), we
immediately obtain

QMTyq(t) = A®sinl(ti t§") ; (1.22)

showing that the left-hand side is a normal coordinate for anchoice ofn.
Let us call this n" normal coordinate®™(t); i.e.,

@ (t) = QT g (t) : (1.23)

Alternatively, we can go through the whole derivation from rst princi-
ples, as follows, underlining the fact tha®" (t) satis es the simple-pendulum

equation. Let
X
a(t)y= &A™ ;

m=1
which is possible because there afg linearly independent vectorsQ{™.
Then substituting into the equation of motion (1.15) gives

X h i
& ()T QW + @™ (H)V; Q" =0 ;

J
m=1

which on using (1.16) becomes

X h i
AN () + L Z@™ () T; Q™ =0:

m=1
Multiplying by Q" and using the orthonormality property (1.21) gives
E™(t)+ 1 2@ (1) =0

with solution
®™(t) = A™sin! (ti ) ;
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echoing (1.22). That is,®™(t) are the normal coordinates. They can be
written in terms of g (t) using orthonormality:

h\
gt)= @& (HQ™

m=1

X
) q(®T; QY & (1)Q™ T Q"
m=1
X
= ®™ (t)£mn
m=1

= @(1) ; (1.24)

reproducing (1.23) apart from renaming the indices.

Administrative note: The next two examples will not be lectured onl recommend you
try to solve them unseen, then use the following notes as workedxamples. I'll be happy
to deal with any queries about them in the "rst Examples Class.

The “rst example is simple and straightforward, and | hope to avad spending too
much time on it.

The second example is trickier. The key is to use symmetry, intuively, to guess most
of the normal modes. Question 7 of the 2003 exam is about anothexample quite like it
(copies fromwww.maths.cam.ac.uk/undergrad/NST/ ).

Also not lectured on there follows anon-examinable section in small print on the
“adiabatic invariant' for small oscillations under conditions (e.g. constraints) that are
changing slowly. This just for fun | a beautiful application of the stationarity property
of the Rayleigh quotient (1.19).
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Example 1.4 Vibrations of the CO, molecule

The problem is to "nd the normal frequencies and normal modesof the following
system of masses and springs, a simple model of the carbon dioxide raoule. (The mass
M of a real carbon atom is roughly three-quarters of the massn of a real oxygen atom.)
Attention is restricted to the in-line or 1-dimensional vibra tions.

Kk k

| X2
| X3

Fig. 4. A simple model of a CQ, molecule.

Consider vibrations along the line of the molecule and letx;, X, and x3 be the dis-
placements from equilibrium of the atoms. These are the genetaed coordinates,
and ¢z that are most convenient here. Then

0 1

m O O

T=Im+iMx3+imx3 ) T=@0 M O0A

0 O m

and 0 1
1 i1 0
V= Ik(x2 i x1)2+ Lk(x2i x3)? ) V:k@ié fiiA
i

To "nd the normal frequencies, we solve the characteristic equigon (1.18), which in this

case becomes " 0 1 0 14
m 0 O 1 i1 0
det {12@0 M O0A+k@ 1 2 (1A =0
0O 0 m 0 j1 1
ie. — —
*i !?m i k 0 -
- ||( 2k| !2M |k ::0
0 i k ki !?m

which, after a little algebra, reduces to
12(kj !'?m)@2km+ kM j !?mM)=0 :
Thus the normal frequencies in ascending order are given by

12=0; !13=k=m; !3=k@M'1+mily:
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To "nd the normal modes for each normal frequency, we solve edation (1.17).
For! 1, we have 0 10 1
k ik 0 QY
@k 2k jKA@QYA =0
0 ik k 9
so, up to an overall multiple, 01
QW / @iA :
1

The overall multiple can be xed by requiring

(Q¥)'TQ® =1
Thus the normalized normal mode has generalized eigenveato
01
1
QYW =(2m+ M)i 7 @A :
1

This normal mode, azero mode , is just a rigid translation of the system.

For ! ,, we have

0 10 1
0 i k 0 QP
@ k 2kij kM=m kKA @QYA =0
0 i k 0 o
so that the normalized normal mode has generalized eigenvemt
0 1
1
Q® =(2m)i 7 @ O0A:
il

This mode is invariant under the re°ectional symmetry of the problem.

For ! 3, we have
0 10 .1
i 2km=M i k 0 QY
@ k i kM=m ik A@HA =0
0 i k i 2km=M g

so the normalized normal mode has generalized eigenvector

0 1
1

Q® :(2m+4m2=M)‘ %@i 2m=MA :
1

You should check that the three modes are pairwise orthogonal ith respect to T, as they
must be becausd 1, ! » and ! 3 are all distinct.
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To nd the normal coordinates, we may use (1.23). For®" (t) we have

®Y (t - TT @ gjin! Cw
(t) X TQY sint1(fi to') 1 01
= X1, X2; X3 @0 M O0A(2m+ M) FZ@A £
0 0 m 1
£sin! 1(tj t)
mxg+ Mxzg+ Mxa gy
F(2m+M) sin! q(t tO)'
Similarly, D_
@ (t) = (M=2) (X1 X3) sin! »(tj t§)
and
X1j 2X2 + X3

@ (t) = pm sin! g(ti ty)

Example 1.5 Normal modes of a 3-particle-spring system

L.

L. | .

Fig. 5: Coordinates for the 3 particle-spring system.

Three particles each of masan are interconnected by identical springs of lengthl and
spring constant k. The equilibrium position is an equilateral triangle. Let X3, X, and X3
be the cartesian coordinates of the three particles in the gegral motion.
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(We could try to produce a neater system of equations by using ma symmetrical
coordinates; polar coordinates for each particle, for examie. Generally, unless there is a
really obvious set of coordinates, it is easier to bash through usg cartesians.)

For the general motion, let

10;1=° 3) + ;)

X1 =
X2 = 1(1=2j 122" 3) + (s )
xz = (i 1=2j 122" 3)+ (665 0)
so that the generalized coordinatesy, :::, g are zero at the equilibrium position.

The kinetic energy of the system is

T = ImOaixs+ XoXo + X3X3)

- im@+ GGG Er D)
0

SO 1
1 0 00 0O
01 0 0O
Tjy =mk or T=m 8 8 (1) 2 8 = ml: (1.25)
0 0 0 1
0O 00 0 O 1

Thus ! 2 will be an eigenvalue ofmi 1V .

The potential energy is a little harder to calculate. We needto calculate the quadratic
approximation to h i

2
skjx1i Xojj |+ etc:
Now D
Xpi Xz = 1(i 172, 3=2) + (Gi Gi%Ri )

which is of the form a+ v where jaj= 1 Aj vj, so that the length is

‘a+v = (ata+2atv+vev)2 = |(1+adv=I2+ ¢ek

and the contribution to the potential energy is approximately

h i h Py i
tkatw=l = 3k (i 3 ) Hhi G:Ri )
Doing the algebra gives _
1 h 1 P3 2
V. = sk js@i ®+ (ki )
h i5
+3K ®Bi &
h i

p
+ik i Msi a)i (ki @)
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From this since V = 1V; g g, we can read o® the elements of :

0 1
2 0 1 Pa N Pa
0o 6 3 i3 i3 i3
_k i1 3 i 3 4 0
V=2 b3 2 |§3 3 0 0 (1.26)
ipl i 3 4 0 p5 3
i3 i3 0 0 3 3

We need to nd the eigenvalues of this rather unpleasant matrk. The characteristic
equation
det(V j 12T)=0

will be a polynomial of degree 6 inm! ?=k. We could try to simplify this, but unless
something particularly nice happens we would not usually expet to extract the roots
without the help of a computer.

Now comes the point of this example: because of the symmetry ohe physical system,
something particularly nice does happen, which allows us to latain the normal modes and
frequencies. With very little algebra, but some careful thoudt, we can in fact guessall
the six normal modes vectors.

First note that there are three independent motions of the systen that do not involve
stretching the springs at all: the system moves as a rigid body. Thse are translations
(linear motion at constant speed) in the x; direction and in the x, direction, and a rotation
at constant angular speed about the origin.

For the translations in the x; direction, the x, coordinates of the particles remain the
same sotp = g4 = 6 = 0 while the displacements of the particles in the x; direction are
the same, soq; = gz = 0s. We therefore expect two normal mode vectors of the form

01 01
1 0
0 1
1 0
1 = @ =
Q 0 and Q 1 (2.27)
1
0 1
We can verify that these do indeed satisfy
VQ = 12TQ; (1.28)

with ! =0 as expected.
For the rotation, we see, using a bit of geometry, that the particles should set o® in
the directions (1;0); (j cos60; sin 60t);o(1 cos 61(§;sin 60°), i.e. to

0
i1=2
@ = | .
Q Rl (1.29)
j 1=2
b 3=2
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This again corresponds to zero frequency. And again we see thafQ =0.
By symmetry, we expect there to be a pure expansion, a mode of odlation in which
each of the particles vibrates only along a radius vector. Ths gives a normal mode vector

of the form 0 1
0

P 3%=2
QY =B . ._ : (1.30)
j1=2
i Pa=
i 1=2
Substitution into the normal mode equation (1.28) reveals that the corresponding normal
frequency is given by! 2 = 3k=m.

By symmetry, again, we expect to nd three modes with re°ection symmetries about
each of the “heights' of the triangle. And again by symmetry these three modes will
evidently have the same normal frequency. They cannot be indeendent, because we are
only allowed a total of 6 normal modes and we have already fouwh4. The fact that they
have the same frequency means that any linear combination wlilalso be a normal mode,
and it turns out that the three modes sum to zero. To "nd the mode vectors, try

0 0 1
il
Q® =8k , & ;

i
which has re°ection symmetry about the vertical. We could now nd =~ and ° by substi-
tuting into (1.28), which would also determine ! . However, we can instead use the fact the
mode vectors are orthogonal T being a multiple ofr}he unit matrix). Taking the scalar
product with Q@ and Q“ gives® = 1=2 and = = 3=2. Then substitution into (1.28)
shows that the corresponding frequency is given by 2 = 3k=2m.

(Alternatively : recall that the eigenvalues of a matrix sum to the trace of thematrix
(i.e. the sum of its diagonal elements). Since the trace o¥ is 6k and four of its eigenvalues
are 0, 0, 0 and %, we see that the other two sum to X. Since they are known, by symmetry,
to be equal, they must each be B=2.)

For the last mode vector, we can use a vector with symmetry about ne of the other
altitudes. Alternatively we nd an orthogonal vector by tria | and error. The last two

vectors are then 0 1 0 1

0 1

pi 1 0
3=2 i 1=2

(5) 6 —
Q 21:2 and Q® =B p 30 (1.31)

i 3= i 1=2

1= i Pa
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Fig. 6: Normal mode vectors.

Adiabatic invariants (non-examinable)

An extension of small-oscillations theory leads to the idea ofdiabatic invariance, of great
importance in physics and in theoretical chemistry. First we nde the energy-conservation
theorem for small oscillations. By multiplying Lagrange's equations in the form (1.15) by

g and summing from 1 toN, using T; = T;; and Vyj = Vji, we easily nd dE=dt =0

where E is the total energy of the oscillatory motion, E = T + V: For a normal mode
Gg((t)= Q;isin! (tj to) (Q; real), we have

E=2T=2V=3I°T; QQ = 3V QiQ ;
where the overbars denote time averaging. Notice the consistey with Rayleigh's formula
(1.19) on page 13, and recall thatco® ! (tj to) = sin’! (ti to) = %

Now adiabatic invariants arise when we generalize the theoryto cases in which the
coexcients T and Vj are no longer constant, but are allowed to be functions of timethat
vary slowly relative to the timescale! i 1. (The word “adiabatic' is often used in connection
with such slow variation, by extension from its original meaning in thermodynamics.) The
classic archetype is a simple pendulum whose length is made to ahge slowly, as with a
mass on a string slowly pulled through a small hole in the ceiling. Then ! will increase
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slowly, and so will E. (Part of the work done to pull the string goes into increasing E.)
But E=! is constant. It is the adiabatic invariant:

d " Eﬂ =0: 1.32
d 1~ 7 (1.32)
This is a general property of each normal mode of a vibrating sgtem. It is easiest to
demonstrate using complex exponentials (taking us a step closao the quantum rami ca-
tions; and notice that the dimensions ofE=! are the same as those of Planck's constant.)
Assume that the motion takes the form of a slowly varying normal nmode that depends on
a phase parameter®, )

G = G(t;®) =Re Q(t) "M+ 1@ (1.33)

where a real-valued function A(t) has been introduced to represent the slowly-varying
frequency ! (t) = dA(t)=dt and where the Q;(t) are slowly-varying functions of t, now
complex-valued. The symbol Re means “take the real part' (nezssary in the classical
problem though not in its quantum counterpart). The essential point is the invariance of
the oscillation problem with respect to®. That is, ® does not appear in the Lagrangian
function L until the particular solution (1.33) is substituted into it. So if we have a solution
for one value of®, then we can pick any other value of® and still have a solution.

This seemingly trivial remark leads to a neat little bit of mat hematical magic. We
multiply Lagrange's equations not by g but by @dt; ®)=@& g , Say, remembering that
the rst term of (1.15) now needs to be rewritten as d[T; (t)g ]=dt, with the d=dt staying
outside as dictated by Lagrange's equations. Then we averageoh with respect to t but
with respect to ®:

T 08) = @e Ty 0®) | @Ge% 09) = (@0 =@®0;  (134)

sincem® is plainly independent of ® So (g.e Tj (t)g)® is an exact constant of the
motion, an important fact in its own right. We have not yet had to use the slowly-varying
assumption! We "nally use it twice, rst to approximate ¢e by g=!, and second to
equate ®-averaging with t-averaging. Then the constancy of(g;e Tj; (t)g)® implies (1.32),
the constancy of E=! .
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Chapter 2
2. Groups

This chapter contains the second set of syllabus items, tdger with a few
items anticipating the third set:

Idea of an algebra of symmetry operations; symmetry operafis on a square.
Idea of underlying vector space. ldea of conjugacy classes.

De nition of a group; group table.

Subgroups; homomorphic and isomorphic groups (includingormal sub-
groups and cosets).

2.1 Symmetry properties and operations

Preamble (non-examinable)

Science works by tting models to data, andsymmetry properties powerfully constrain
the model-building. It hardly needs saying that a good model & something in the real
world, e.g. an electron or a CQ or CH4 molecule, will have the same symmetry properties
as the real thing.

It is the simplicity of symmetry properties | in many cases where models have been
shown to 't data accurately | that accounts for what Eugene Wign er famously called
“the unreasonable e®ectiveness of mathematics' in science. Tieal world contains entities
with simple symmetry properties. It need not be so, but accordingto the evidence it is
so. Group theory is important because it gives us the tools to aalyse, and classify, all
possible symmetry properties® Its usefulness extends beyond chemistry and physics, for

Classic examples include not only fundamental particles and mlecular vibrations but
also the great discoveries via X-ray crystallography, from thefoundations laid by W. and
L. Bragg, Kathleen Lonsdale and others all the way to the discoery of DNA and protein
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example to issues in probability theory, statistical inferenceand risk assessment.

Many symmetries of physical systems are usefully thought,ofo begin
with, in terms of the invariance properties of simple geometal objects:
square, triangle, sphere, cylinder, hexagon, etc. For irmsice the shape of
a square is invariant under in-plane rotation through a righangle, and the
shape of an equilateral triangle is invariant under in-pla@ rotation through
2v,3 radian or 120, a fact already made use of in the example of g. 6.
Rotation may therefore reasonably be called aymmetry operation An-
other symmetry operation is that associated with mirror symmetry, re°ec-
tion about some line or plane.Groups are sets of mathematical entities |
any mathematical entities | that behave like symmetry operaons.

(Each symmetry operation | 'symmetry' for short | involves a parame-
ter, or parameters, such as the angle rotated through. Suchparameter tells
how many times, or how much of, the symmetry operation is appld. The
parameter may take a continuous or a discrete range of value¥he range
is continuous in cases like rotation through any angle. It idiscrete in cases
like rotation through an integer number of right angles, or tanslation by an
integer number of interatomic spacings in a crystal. This eose will deal
mainly with discrete cases.)

Symmetry operations can be combined. For instance one carate some-
thing and then re°ect it. Several notations are in use for “sgmetry operation
S, followed by symmetry operationS,’, e.g.,

S, +S; or S,aS; or just S, S

We'll use the last for simplicity. This ‘composition' or "poduct’, so called,
will also be a symmetry operation. In abstract mathematicalanguage we say

structures. (There's a nice DNA di®raction tutorial in Lucas, A. A., Lambin, P., Mairesse,
R., Mathot, M., 1999: Revealing the Backbone Structure of BDNA from Laser Optical
Simulations of Its X-ray Di®raction Diagram, J. Chem. Educ. 76, 378{383.) For instance
group theory tells us that the number of di®erent rotation{r e°ection symmetries possible
for regular crystal lattices is exactly 32, and of rotation{r e°ection{translation symmetries
exactly 230: details in Leech & Newman. These sets of symmetriesre precisely described
by what are called the crystallographic “point groups' and ‘spae groups' respectively.
Point group simply means that translations aren't included: there's always a point that
stays xed. (You don't have to remember any of this!)

2For the relevance of group theory to these tricky topics see pp373{382 of Edwin
T. Jaynes' book Probability Theory: The Logic of Science (CUP 2003). For a quick
survey touching on the evolutionary-biological as well as tle mathematical aspects, see
www.atm.damtp.cam.ac.uk/people/mem/#thinking-probab ilistically
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that symmetries form analgebra. An algebra is any set of mathematical
entities equipped with a rule for combining or composing twentities, to
produce a third entity that is also a member of the set.

Note the order in which the operatorsS, and S, are written. We are
imagining that the symmetries operate on something to the ght of them, so
that the rightmost symmetry is the rst one done. (Watch out though: the
opposite convention is also used.)

There are three further points to be made about symmetry opations.
First, there is always a trivial operation that does nothing we call it the
identity operation and denote it herd by |. (Trivially, everything is in-
variant under 1.) Second, given any symmetry operatiois there is always
a reverse ofinverse operation, denotedSi !, that undoes the e®ect 08. In
symbols, Silg = |-

It is obvious that the inverse will always exist. After changhg the position
and orientation of any rigid geometrical object in any way, oe can always
move it back to its original position and orientation. By peforming the rst

move again we see moreover that

ssit=1:
Third and nally, we always have associativity , which says that
S3(S2S1) = (S:S2) S

This is true of symmetry operations because both sides evidly mean the
same thing, S; followed by S, followed by S;'. These rules are the de ning
properties of groups. That is, agroup is an associative algebrathat has an
identity and inverses For a formal statement, see p. 38.

What about commutativity? The commutative rule does not, ingeneral,
hold for symmetries. That is, we generally have

5,5, 6 §,S;:

To illustrate this let S; = R, again meaning clockwise rotation through a
right angle, applied to a square:

30ther symbols are in use, common choices beinfj e, or E.

4There are non-associative algebras. A familiar example is thelgebra of 3-dimensional
physical vectorsa, b, ¢ under vector multiplication: generally a£ (b £ c) 6 (af£ b) £ c.
(This by the way is quite di®erent from the “wedge product' ofexterior algebra, which is
associative,a”™ (b~ c) = (a” b) ~ ¢, and meaningful in any number of dimensions> 2.)
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Let S, be another symmetry operation on the square, re°ection or 3ping
about the vertical axis of symmetry. Call thism;:

A B B A

A B D A A D

A B B A C B

so the result is indeed di®erentm;R 6 Rm; . Let's follow this up now by
discussing the symmetries of a square more systematically.
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Example 2.1 Symmetries of the square, and some basic terminology

N

m

Fig. 7

Plainly the square is invariant under rotations by 0; 90%; 1807 and 270,
denoted respectively byl; R; RR; RRR or

! R; R% R3;

and invariant under re°ections in the vertical and horizonal axes and in the
two diagonals. We call these re°ections

M1; My; M3; My

respectively, as noted in g. 7. Each of these last four is itswn inverse:

m12:m22:m32:m42:|.

(We can think of the m's either as true re°ections within 2-dimensional space, or as
180 rotations or “°ips' in 3-dimensional space, about the axes showi)

The 8 symmetries are not all independent; for instanc&;m, = mom; =
msmy = myms = RZ. Again, momg = mym; = mymz = msm, = R, and
msm; = mym, = mym, = mymg = Ri 1 = R3. Evidently there must be, in
this case, a minimal subset from which all other symmetriesan be obtained
by composition. We say that the complete set of symmetries | ie., the
group | is generated by such a subset, and the members of the subset are
called generators . In this case we need exactly two generators.

For we need no more than one rotatiorR, or R, since all the other
rotations are just multiples of R or R3, including the inverses, e.gR' ! =
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R3. We obviously need at least one re°ection (to turn the squarever);
and exactly one is suzcient because all the other turned-ovg@ositions can
evidently be reached by a rotationR, R? or R3. For instance if we choose
m; as a generator then we can derive, = R?m;, mz= R®m;, ms = Rmy,
which comes down to saying “turn the square over then rotateds necessary'.

So, in summary, this particular group is generated by just aaminimal
rotation, R or Ri !, together with just one re°ection. For instance the subset
f R; m,g generates the group as follows:

fI;R;R% R my;my; mg;mag = fI;R;R?R% my; R*my; R°my; Rmyg:

This group of symmetries is often called thel-fold dihedral group and
denoted here by the symboD,4. The corresponding group of symmetries of
a regular polygon withn sides is similarly denoted by D,. All these groups
are point groups , meaning that all the group operations leave one point
“xed. In these examples the xed point is the centre of the pgbon.

De nition : The order jGj of a groupG is the number of elements it con-
tains. So we havgD,j = 8. It is easy to check thatjD,j =2n; see g. 6 of
Sheet 1.

De nition : The order of a group element g2 G is the least integerq
such that g% = |. Because a group is an algebrd); g;g?; :::g% g are all
elements ofG. Therefore, for any nite group,q6 jGj.

In the case ofD,, for instance, all the elements other tharR, R® and |
have order 2, whileR and R® have order 4.

Remark : If an elementg has orderg, theng ! = g% . (So all the elements
of D, are self-inverse excepR and R3. For the latter we haveRi ! = R®
and (R%' ! = R.

We can de ne the structure of a group by exhibiting itsgroup table or
multiplication table , so called, showing how all pairs of elements combine.
For D, we have

SAlso, commonly, by Dih,. The term “dihedral’, meaning 2-sided, comes from the
3-dimensional view in which all the symmetry operations are rgarded as rotations in
3-dimensional space, with them's as 18F (2-fold) rotations, or °ips, about the in-plane
symmetry axes, and in which the polygon is therefore regarded sahaving distinct front
and back surfaces like a real cardboard polygon. In crystallogphy other symbols are
used. Unfortunately there is no single symbolic convention.
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|dentity: | |R?| R R®|m;y my|mg my

180*rotation: | R | | |R® R [my, my|my mg
. RIRWR2 | |mg mg|m; m
90*rotations: 3 ) 4+ s v
R R I R M3 My | My My
. Mm; | My | M3 My | Rz R R3
re °ips:
square °ips m, | my ms ms| RZ I |R® R
_ _ mg|mg|/m m | R® R| I R?
diagonal °ips:

mg | mz3|mg me| R R3 R2 I

By convention, the symbols in the rst column show the rst fator in the
written-out product, and those in the rst row show the secod factor of
the product, e.g.Rm; = my; and m;R = m3. (SoN.B. , the symbols along
the top show the rst operation performed, and the symbols on the left the
second operation performed.) _

Remark : Every row of the table is acomplete rearrangement of every
other row. Each element, without exception, has moved to atiwer position.
This is true of any group table. It follows at once from the dening properties
of groups. (For we cannot haveg;g = g9 if g; and g, are di®erent elements.
Since every element) has an inverseg' !, the statement that g;g = g,g can
be postmultiplied by g ! to give g; = g, which would be a contradiction.
Notice how this argument uses associativity.)

One can write the products the other way round and premultigl by the
inverse. So, not surprisingly, the same complete rearramgent’ property
is true of columns also. All this is useful to remember when ebking the
correctness of a group table.

De nition : A subgroup of a groupG is a subset ofG that is also a group.

The table shows thatD, has ve subgroups of order 2, namel§l; m g,
fl;m,g, fl;msg, fl;m,g, and fl;R2g. D, also has three subgroups of
order 4, namely fI;R;R % R3g, flI;R?;my; myg and fI;R% ms; msg. The
order-4 subgroupf I; R; R %; R3g is for obvious reasons called eyclic group .

It will be denoted heré by C,. The other two order-4 subgroups are examples
of what's known as the “Klein four-group' or "Vierergruppe'

5Pure mathematicians who work on combinatorics have a specialerm, “derangements’,
for such complete rerrangements. (E.g. sudoku arrays, most of whitcarent group tables.)
"Another commonly-used notation is Z .
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De nition : If all the elements of a group G commute with each other
(0192 = g1 for all g;; 0 2 G), then the group is said to be commutative or
abelian .2 E.g., C, and the Vierergruppe are abelian, buD, is non-abelian.

De nition : a 1{1 mapping between two groups of the same order is called
an isomorphism if it preserves the group operations, namely compaosition
and taking inverses.

We say that the two groups aresomorphic , which means literally that
they have the same shape or structure. More precisely, it meathat they
have the same group table . The elements of the two groups may well be
di®erent mathematical entities. But the isomorphism meanthat we may
think of them, from an abstract viewpoint, as being the samergup.

Remark : The groupsfl;R;R?:R3g, fl:R?;my; m,g, and fI; R%; ms; mag
are all abelian, but only the last two are isomorphic.

Example 2.2 A set of matrices isomorphic toD 4

De ne

I_ul J R_uo Al Rz_”.l of R3_u0|1‘ﬂ
- 01 T i1 0 -0 j1° -1 0

m_“iloﬂ_ m_ul ol m_uo " m_uo Al
= 0 1 27 051 37 41 0 47 10

These 8 mathematical entities | these 8 matrices | do indeed make up a
group provided that composition is de ned as matrix multipication. Their
group table exactly matches the table on page 31 above. In @hwords this
set of 8 matrices forms a group that is |somorph|c th4 Make sure you
check this.Speed tip: remember the pattern AT

2.0 2.0 0 2
De nition : If a group G is isomorphic to some set oh £ n matrices that

form a group under matrix multiplication, then the set of matices is called
an n-dimensionalfaithful representation  of G.

Remark : Any such set of matrices must be invertible: their determiants
must not vanish. (Why?)

8after the great Norwegian mathematician Niels Henrik Abel (1802{1829).
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Remark : (1@) ' = gy 'gi* foranyg;; o 2 G.
Proof: (@)% 'ei™) = (e Do = qulgit= qgi ' = 1.

(Notice how the proof depends on associativity. This property of inverses will be used
repeatedly.)

De nition : Two group elementsg;, g, 2 G are said to beconjugate to
each other | written g, » @, | if there exists any group elementg 2 G
such that B -

%= 09a9' ", (2.1)
or equivalently gg= ga.

Remark : Conjugacy is an equivalence relation, in the usual matherieal
sense. This means that

(1) 9. » g always (because we can chooge= 1),

(2) » &) ®» o (because we have inverses), and

B) t» @ and g2» Gz ) Gi» X

where as usual) means ‘implies that'. These properties imply that the
conjugacy relation partitions any groupG into disjoint classes of elements.
They are calledconjugacy classes .

Example 2.3 The conjugacy classes db,

These correspond to the verbal categories shown at the left the table on
page 31. Thus for instance the identityl is in a conjugacy class by itself.
(With g; = | on the right-hand side of (2.1), all choices aj giveg, = |.) The
180 rotation R? is in a class by itself. The square °ips make up a di®erent
class of their own. So do the diagonal °ips and the 90otations. |

(Important for subsequent developmentsmake sure you check that the partitioning shown
on page 31 is correct. To show this you must check thahone of the 8 elements ofDg4,
when substituted for g on the right of (2.1), are able to eject any element g; from its
class, forinstance to giveg, = mz when g; = mjy. For all choices of g, when g; = my,
(2.1) must, and does, always give eitherg, = m; or g, = my.)

Remark : The identity of any groupis in a class by itself. Each element of
an abelian groupis in a class by itself. A group element and its inverse, if
di®erent, may or may not be in the same class. Abelian grouplsistrate the
latter case. D, illustrates the former because of its clastR; R3g.
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Remark : For any groupG of rotations in 3-dimensional space, two rotations
0; and g, are in the same class if they rotate through the same angle alio
two di®erent axesprovided thatthere is another rotationg available in G that
can rotate the one axis into the other. ("Same angle' meansnsa magnitude
and same sign.)

The diagonal °ips in D4 are a case in point when viewed in 3-dimensional space. Not
only are they both 180" rotations but, also, there are other elements available inD,,
namely R and R3, that can rotate one diagonal axis into the other. So doingmy to the
cardboard square is the same as rotating it 90 anticlockwise, doing ms, then rotating it
90* clockwise. So (2.1) does apply withg chosen asR: specically, m, = RmsRi 1.

Similarly, for the square °ips in D4, we have m, = Rm;Ri 1. And for the 90*
rotations we have R® = mRm' ! = mRm wherem stands for any one of the four °ips,
since they all serve equally well to °ip the rotation axis norma to the plane of the square,
which turns clockwise rotation into anticlockwise rotation.

Notice that the partitioning shown on page 31 does not apply tothe separate sub-
groups, because within a subgroup | if we exclude the trivial “subgroup' consisting of D4
itself | there are fewer choices of g available for use in (2.1). For instance, if we consider
the diagonal °ips within the Vierergruppe fI; R ?;ms; m,g, then each one is in a class by
itself. The 90* rotations are no longer available for use in (2.1).

De nition : A normal subgroup H of a groupG is a subgroup that consists
entirely of conjugacy classes d&.

(Trivially, G is a normal subgroup of itself. To exclude that trivial case, we smetimes
speak of aproper subgroup or of a proper normal subgroup of a group G, meaning
a subgroup smaller thanG itself.)

(Note also that every subgroup of an abelian group is normal.)
Example 2.4 D,

The three order-4 subgroups oD, are normal, as is the order-2 subgroup
f1;R2g. The other four order-2 subgroups oD, are not normal. However
for instance,fl; mygandfl; m,g are normal subgroups of the Vierergruppe
fI;R?% my; mog. There are fewer elementg available for use in (2.1). _I

2.2 The underlying vector space

There's another way to describe symmetry operations, sucls ghose ofDy4,
that will prove important.

Imagine some vectorg drawn on the square, with their tails at the centre
but otherwise arbitrary: 34
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Representing them as column vectorsx(; x,)" = xl , We can consider
2

matrix products such as
H iw po9

O 1 X1 X2
il 0 x2  ix

The right-hand side is the same vector rotated clockwise tbugh a right
angle. That is, premultiplication by this particular 2 £ 2 matrix rotates
all the vectors clockwise through a right angle. (We are thking of the
coordinate axes as being xed, while the coordinate values;x, change.)
So we can imagine the square itself being carried around withe vectors
and thus rotated as well.

It's easy to see that all the symmetry operations iD4 can be represented
in this way. The isomorphism noted earlier is no accident! Rmultiplication
of any x = (X1; X»)" by the same set of matrices as on p. 32,

,_”1J. n_ O " RLfﬂloﬂ. W_“oiﬂ.
- 01 T i1 0" -0 1 -1 0

m_uiloﬂ_m_ul ﬂ,m_uoilﬂ,m_%lﬂ
1= o0 1 27 01 37 41 0 47 1.0

performs the same symmetry operations; R; R 2; R®; m1; m,; m3; m, respec-
tively, as seen within 2-dimensional space.

The action of, for instancem, onx = (X1; X2)" istoturnitinto ( Xo; X1)".
And the fact that ms = RmsR !, noted earlier, implies that the action of
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RmsR' ' on x must be the same. So the isomorphism says that we must
have m,x = Rm 3R x, which written out is

MO 1‘|H1X1‘|T ) “0 1‘|H1 0 il‘ﬂuo il‘ﬂuxl‘ﬂ ) HXZ‘H |
10 x 10 1 0 1 O Xy Xy
which can easily be checked to be true. [Again, remember:'" o :" " o' |

Now consider the subsets

|—u1 Oﬂ_ Rz_“il ‘IT. m_ui10ﬂ, m—ul O‘H
T 01 -0 i1 =0 1 27 01
and 1 1 1 1
I_“lO_ Rz_uil ) m_“Oil_m_uOl
- 01 -0 i1 7 41 0 AT 10

Each set of four gives a 2-dimensional faithful representah of the Vier-
ergruppe. (Check the isomorphisms.)

Remember. One can think of the vectors x as elements of the 2-dimensional vector
spaceR?. You should check that they satisfy the rules for vector spaces, wh scalars
in R.

Notice, now, that the rst representation of the Vierergrupe leaves in-
variant the two subspaces of R? consisting of scalar multiples of the vectors
(1;0) and (0;1). The second representation leaves invariant the two sub-
spaces oR? consisting of scalar multiples of the vectors (1) and (j 1;1).
(Check thist!)

The idea of subspaces invariant under the action of a matrix rep-
resentation of a group has far-reaching importance, as we'll see.

Example 2.5 Worked example: the 3-fold dihedral grou 3

Construct the group table for the dihedral group D3, that is, the symmetries of a 2-sided
equilateral triangle. Show that there are three order-2 nonnormal subgroups and one
order-3 normal subgroup, and show the partitioning into conjugacy classes. By consider-
ing the group actions on vectors inR?, or otherwise, nd a 2-dimensional faithful repre-

sentation of D3. Show that within R? there are subspaces invariant under the actions of
each order-2 subgroup.

Answer:;_ We take the centro'Bj of the triangle as origin and the vertices of the triangle at

(0; 1), (p 3=2; i 1=2) and (j 3=2; i 1=2). By analogy with the notation for D4, denote
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the group elements ofD3 by fI;R; R %; m1; m,; msg where R means a clockwise rotation
through 120, m; means a °ip about the vertical or x, axis, and m, and mz respectively
the °ips abo% axes rotated 120 ?)nd 240 clockwise from the vertical, that is, axes with
unit vectors (* 3=2; j 1=2) and (; = 3=2; i 1=2). The group table works out as follows:

Identity: | | R R2|m; m; mg
| R |R* I |mg my mp
rotations: | L, | Rlm, ms my
m; | My mMms | R R 2
°ps: |mp |mz my [R? 1 R
ms [ mpg mp R R? I

It is straightforward to check from (2.1), remembering to try all possibleg 2 D3, that
the three °ips form one conjugacy class, and the two rotations aother, as indicated in
the table. As always, the identity | is in a class by itself. As for the subgroups, we see
from the I's on the far diagonal of the table that the three order-2 subgoups arefl; m g
fl;m,g and f1; m3g, all non-normal because the sef m;g isn't a conjugacy class inD3,
nor fm,g nor fmsg. The order-3 subgroup, the only such, is the cyclic groupCz; made
up of fI; R; R 2g. This is a normal subgroup ofD3 becausef R; R?g, f1 g are classes inDs.

To 'nd a 2-dimensional faithful representation of D3, the easiest way is to remember
that a 2-dimensional rotation matrix for clockwise rotation t hrough an anglep is

cosp  sinp
j sinp cospu

and that cos 126 = j 1=2 and sin 120 = Pan so taking the corresponding ro-
tation matrices to represent R and R?, and playing around with the signs to convert to
°ips (regarding them as re°ections within our 2-dimensional space), we end up with the
isomorphism A | A ) ] 3! A 3!
LRyRZ s L 9. a2 BRI (2.2a)
-0 i [
A ! A
mimymg s - O
0 1 i

©

==
W N[

w

L1
2
p

S NI
w

.

w

1
. 2
o Pa
2

M|

o= N‘

, (2.2b)

-

NI I\.)|
N[

The subspaces oR? invariant under the actions of the three order-2 subgroups ae six
in nuerer. They abe, respectively, scalar multiples FS)f (20) and (0;1) for fbmlg, of
(1=2; " 3=2) and (j = 3=2; 1=2) for fl;m,g, and of ( 3=2; 1=2) and (j 1=2;  3=2) for
fl;m3Q.

2.3 More on the general concept of ‘group'

Let's now take stock and summarize the basic concepts as sesenfar. This
is partly because we have been a bit cavalier about one or twesues. For
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instance we talked about "the' inverse, and “the' identityas if these elements
were always uniquely de ned.

However, by revisiting the rules very carefully we can seedhthe inverse
and identity are, in fact, uniquely de ned. The following ispartly summary
and revision, and partly pinning down the elementary concép and making
them precise, in the full generality of abstract group theor.

De nition : A group G is a set of elements, say
G=10; & G 10
together with a rule for combining them | we'll continue to us e the words

“product’, "composition’, and ‘multiplication' in this connection | such that
the following conditions oraxioms are all satis ed:

1. Closedness or closure : the productgg 2 G (i.e., G is an algebra),
2. Associativity : the product satis es @ g )%k = g (g %),
3. Existence of anidentity ,1 2 G such thatlg = gl = gforall g2 G,
4. Existence of aninverse , for eachg 2 G an elementg' ! such that
glg=g9d " =1:
Remark : The identity is unique.

Proof : Suppose that there exist two elements and | °each having the prop-
erties speci ed in Axiom 3. Then

1% = 1° sincel has the properties speci ed

and

o | , sincel° has the same properties

The left-hand sides of these equations are the same, andl S | .
Remark : Inverses are unique.

Proof : Suppose bothh andk are inverses of a given elemegt Then Axiom 4
implies that, in particular,

gh=1 and kg=1: (2.3)
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Then (premultiplying the rst of these by k and using Axiom 3) we have
k(gh) = k;

i.e. (by Axiom 2)
(kg)h=k:

But kg = |, by the second of (2.3). So using Axiom 3 again we halie= k.

(The two proofs just given typify the sort of proof required in abstract pure mathe-
matics. The name of the game is to work from the axioms and from he axioms alone,
and to make all the logical steps explicit, no matter how trivial. In this game, appeals to
intuition aren't allowed, even if something seemsobvious. The purpose is not to “see' that
something “must' be true, but rather to prove it | in the mathema tician's rigorous sense
| so we can be sure that the proof applies in the abstract and really does include all the
possibilities, not just some special cases we might have in mind, anfibr which we might
or might not have a reliable intuition. Actually, most people with powerful scienti ¢ or
mathematical intuitions have gone through harsh experience in which intuition, always
hazardous, is corrected, re ned and developed by confrontadn with counterintuitive facts
established by meticulous experimental observation, or by rigrous mathematical proof.)

2.4 Cosets and Lagrange's theorem

2.4.1 Cosets

De nition : Given a groupG, a subgroupH = fl;hy;h,;:::g of G, and an
elementg in G, we call the set

gH=fg; gh; ghy;:::g
aleft coset of H in G. Similarly, we call the set

Hg=fg; hg; heg;:: g
aright coset ofH in G.

Remark : The left and right cosets of any subgroupd are identical if G is
abelian.
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Remark : The left and right cosets of anynormal subgroupH are always
identical. (Proof below).

Remark : gH and Hg each containjHj elements. (This follows from in-
vertibility, which implies that the elements g; gh;; ghy;:::, are distinct, and
similarly g; hg; h,g;:::;, becausd; hy; hy;::: are distinct.)

Remark : The subgroupH and its left cosets partition G. That is, they
divide G into disjoint subsets. The subgroupH and its right cosets also
partition G, though di®erently unlessG is abelian orH normal. It is a
partitioning because

(i) Two cosets are either disjoint or identical.
(ii) Two cosetsHg; and Hg. are identical if and only if g.g;* 2 H.

(iif) Every element of G is in some coset.

Proof of (i): Suppose that the cosetddig; and Hg, have one element in
common, which we can write either ak;g; or ash,g,, for someh; and h, in
H. Then

Hg: = Hhithog = Hgy;

since hillhz 2 H. So if there is one element in common, the cosets are
identical.

Proof of (ii): If gugy* 2 H, then let g.gy * = h. We have
Hg: = Hhgz = Hg»
as required.

Conversely, supposélg; = Hg,. Then Hg:gi ' = H, which means that
hgigi ' 2 H for all h 2 H, including h = |, which proves the result.

Proof of (iii): SinceH containsl, then for any elementg 2 G, the cosetHg
containsg.

Notice the consequence that "being in a coset' is an equivate relation. This
is not, of course, the same equivalence relation as conjugac
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A further consequence is that we may pick out any element of @set as its
‘representative’. That is, we may specify which coset we atalking about
merely by naming one of its elements. Furthermore, we may ntiydly such
an element by anyh 2 H, and it will still represent the same coset.

Proof that the left and right cosets of any normal subgrou are identical:
Let H be normal. For anyg 2 G, we need to show thatgH and Hg are the
same coset. We use the fact that, sindé is normal, the conjugateghg * of
anyh 2 H is also inH, for any g2 G. The proof is as follows:

Let g2 G be given, and letk 2 gH. Then k = gh for someh 2 H. Let
h, = ghg . Thenh; 2 H (becauseH is normal), andh = ¢ *h;g. So we
havek = gh= g(g' *h:g) = (gg })h.g = hig. But this says that k 2 Hg.

So for any giveng2 G, k2 gH ) k2 Hg. A similar chain of
reasoning proves thatk 2 Hg ) k 2 gH. So the the left and right cosets
of H are identical.

2.4.2 Lagrange's theorem

Let G be a nite group and letH be a subgroup of5 (not necessarily normal).
Lagrange's theorem says thajH j dividesjGj. That is, jGj = njH] where n
is an integer.

This result follows immediately from the “partitioning prgoerty' of cosets.
Suppose that there aren distinct right cosets ofH, counting H itself as one
of them (the trivial right coset HI ). Then all the right cosets are disjoint,
and each has the same number of elements, namglj. Each element ofG
is in exactly one coset. ThugGj = njH|, as required.

(Of course we could equally well have used left cosets.)
An immediate corollary of Lagrange's theorem is the followg

Remark : The order of every element oG dividesjG;.

This follows from Lagrange's theorem and the fact that eachlement gen-
erates a cyclic subgroup, whose order is equal to the orderitsf generating
element.
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Example 2.6 The groupD, as an illustration of Lagrange's theorem

Within D, we have the cyclic subgroufC, generated byR or by R3. This
has order 4, as do the element® and R® themselves. And 4 does indeed
divide jGj, which is 8. Again,D4 has two copies of the Vierergruppe, whose
order is 4, as subgroups.

The elementsR?; m;; m,; m3; and m, all have order 2 and generate
subgroups of order 2; and 2 also divides 8. _

Example 2.7 Worked example: all possible order-4 groups

Prove that every order-4 group G is isomorphic either to C4 or to the Vierergruppe.

Answer: Let G = fl; g1; 02; gs0, all distinct. Lagrange's theorem and its corollary tell us
that each element of G must have order 1, 2 or 4, because these are the only divisors of 4.
So there are two possibilities:

(1) G contains an element of order 4. Then that element generateshe whole groupG.
In other words, G is cyclic and has the same group table a€,, i.e., is isomorphic to C4.

(2) G contains no element of order 4. Theng;; g.; g3 must each have order 2, since the
only other possibility is an element of order 1, which is the idetity 1. Sog? = ¢ = @3 =
Now considerg;g.. We cannot havegi1g, = g1, because premultiplication by g; gives a

contradiction, g, = |. Similarly, we cannot have g1 = ¢,. Therefore g1g; = gs.
Similarly, @01 = g3, and @03 = 9s02 = G1, G301 = G103 = Q2. S0 the group table is
exactly that of the Vierergruppe, to which G is therefore isomorphic. _

2.5 Homomorphisms and their kernels

A homomorphism is a map between groups that preserves group operations
but is not necessarily 1{1. (So if the homomorphism is 1{1, #n it's also an
isomorphism.) If it's not 1{1 then there's a nontrivial subgoup of the rst
group that maps to the identity in the second, i.e. target, gpup. That subset
of the rst group is called thekernel of the homomorphism. The kernel will
be shown to be a normal subgroup.

Let's 1l in the details and note some examples. LeG and H be any
two groups. (In this section,G and H are arbitrary groups. SoH might or
might not be a subgroup ofG.) A map or mapping© from G to H is a rule
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that associates an element dfl, the target group, with each element ofG.
We write
©:Gj H

for the map, and
©(9)

for the element inH to which the elementg of G is mapped. We call ©)
the image of g. We are interested in maps that preserve group operations.

De nition : The map © is called ahomomorphism from G to H if and
only if
©(01%) = ©(9:1)O(%) (2.4)

forany g; and g, in G. That is, the image of the product is the product of
the images.

If the map © is 1{1 then it is also an isomorphism. The rest of tis
section applies to homomorphisms in general. We note nextahif products
are preserved then itfollows that other group operations are preserved:

Remark : Setting g, = Ig (the identity of the group G) in the de ning
property (2.4) shows that for allg; 2 G

O(n) =O©(g)O(lg); ) ©(lg) = Iy

(identity maps to identity); and setting ¢, = gand g = g * in (2.4) shows
that h i

Ole)= In =0(g0(g ); ) ©@ =0(g?

(inverses map to inverses).

Example 2.8 ©:R{ U(1)

Let G = R, the group of real numbers< under addition, and letH = U(1),
the multiplicative group of unit-magnitude complex numbes. Let the map
© be de ned by

O(x) = €*:
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This is a homomorphism because
O(x + y) = eV = &gV = ©(x)O(y):
Note that many elements inG map to each element irH:
©(x +2N¥) = ©( x); whereN is any integer:

Maps with this property are calledmany-one . _

There are further simple examples in q. 4 of Sheet 2. They will b important for the
work on representation theory.

Remark : The image of G, i.e. the set f©(g)gj,, need not cover the target groupH.
NB: there is an example of this in the 2004 examination, question @f paper 2.

For a many-one homomorphism, more than one element (inclundj the
identity) will map to the identity.

De nition : Given a homomorphism © :G ! H, the set of all elements
k 2 G such that ©() = Iy is called the kernel of ©, denoted here by .

In other words, K2K . ©K) =l : (2.5)
In Example 2.8,K = f2NYg = f:::; | 2¥;0; 2%;4%; . Q.
Remark : The kernelK is a subgroup ofG.

This is because

1. It is closed. (Ifky; ko 2 K then, by the de ning property (2.4) of a
homomorphism, ©((1k2) = ©( k1)©(k2) = lyly = Iy ) k1k2 2 K
as required.)

2.1 2 K. (©(lg) = Iy because © is a homomorphism).
£ o]
3.1fk2K,thenki12 K. (Forokki )= ©K) ' "= 1it=14.)
Remark : K is anormal subgroup ofG.

Proof: We need to prove thatk 2 K ) gkg *2 K foranyg2 G, i.e., that
OK)= 1y ) ©@gkd?l) = ly. This foIIowE frorg_ (2.4) and associativity,
giving ©(gkg %) = ©(9)O(K)O(g' H) =©(g)ly ©(g) ' ' = Iy, as required.
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Example 2.9 Worked example: cosets irDg
List all the cosets of all the subgroupsD 3.
Answer: In the notation of page 37, we see from the group table that theleft and right

cosets of the order-3 subgroupf|;R;R 2g are both fm;;my;msg. (So the subgroup
f1;R; R 2g is a normal subgroup, as noted earlier.)

(Any order-3 subgroup of any order-6 group has to be normal, otourse, as does an
order-n subgroup of any order-21 group | for instance all three of the order-4 subgroups
of D4 | simply because the cosets partition the group and in each such cae there's room
for only one nontrivial coset.)

Now to the order-2 subgroups ofD3. (As also noted earlier, they're not normal. So
we'll 'nd that their left and right cosets are distinct, provid ing di®erent partitionings of
D3.) Forinstance, the two left cosets of the order-2 subgroug I; m 3g are

Rfl;msg= myfl;mzg= fR;myg; R2fl;msg= mifl;msg= fR%; myg;
while the two right cosets of fI; m 3g are
fl;mszgR = fl;msgmy = fR;m1g; fl:msgR% = fl;m3gm, = fR?:m,g:
Similarly, we nd that
the left cosets offI;m1g are fR;msgandfR?; myg;
the right cosets offl;m.g are fR;m,gandfR?;msg;
the left cosets offI;m,g are fR;m.gandfR?; msg;

the right cosets offl;m,g are fR;msgandfR?;m;g. _

De nition : The product of two cosets is the set of all products of two
elements with one from each coset.

Example 2.10 Products of the order-3 cosets that partitiorD3: The cosets
fl; R; R2g and f m;; m,; msg have a product consisting of the seflm;

Im,; Im3; Rmy; Rmy; Rms; R?my; R?m,; R?msg, which is the same as the
setf my; my; msg. Similarly, fmy; mo; msg? = fl; R; R%g> = fl; R; R?g.

Remark : For any normal subgroupK of any group G, the product of any
two of the cosets ofK, say g;K and goK (9:; @2 2 G), is the same as the
coset 10,)K . (So the product is no bigger than the cosets we started with.
Even though there arejK j? possible two-element products to be considered
in forming the product of the cosets, as in the cag& j = 3 just noted, these
element products are not all distinct and, in fact, yield on} jKj distinct
elements if the subgrouX is normal.) This is easy to prove:
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Proof: g 2 product of g;K and g,K , g= gikig:k, for someky; k, 2 K
, 02 (0102)K: The last step makes use of the assumption th#t is normal:

g = gkikks = o (gzgiz l) kKijkka = (9'2 lklgz) Ko = (ch02)(ksko) for
someks; 2 K, becauseK is normal. And ksk, 2 K.

Remark : Any normal subgroupK and its cosets inG form a group under
the de nition of the product just given. This is called thequotient group
denoted byG=K. (In Example 2.10, G=K = D3=fl; R; R2g and consists
of the two objectsfl; R; R?g and f my; my; msg. Under the de nition of
the product they form a group isomorphic toC,, which of course is the only
possibility for a group of order 2.)

Corollary : If K is the kernel of a homomorphism ©G! H, then G=K is
isomorphic toH .

(The proof is left as a simple exercise. We may summarize it lspying that,
with the above de nition of product, the quotient group “interits' its group
operations from the “parent’ groupG.)

(In Example 2.10, the mappingDs ! C, speci ed byfl; R; R?2; my; my; msg
7f1, 115141 i 19, with C, represented ad 1; j 1g, is a homomor-
phism (check this!). It has kernelK = fl; R; R?g. So the above Corollary,
with G = D3 and H = C,, says again thatD3;=K is isomorphic to C,, or
equivalently that D3=C; is isomorphic toC,.)

Remark : Products of cosets of a non-normal subgroupp need not havegH |
elements. (In particular, products of the order-2 cosets iD; need not be of
order 2. For instance,fR;m1gfR% m,g = fRR? Rmy; m;R?;, mim,g =
flI; mq; m3; Rg. So this product contains not 2, but 4, elements.)

We now turn to a fundamental category of groups traditionall called
‘'symmetric’ groups and also, more aptlygeneral permutation groups
They will be denoted herd by §y (N =1; 2; 3;:::). They are fundamental
because they contain as subgroups every other nite group.

More precisely, every ordeN nite group is isomorphic to a subgroup of
8. This is sometimes calledCayley's theorem . It follows at once from
the "‘complete rearrangement’ property of group tables. Thelements of §

9 Another commonly-used notation is Sy .
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consist of all possible rearrangements bif objects. Complete rearrangements
are the special cases seen in group tables. And if a set of ctetg rear-
rangements comes from a group table, then it automaticallyespects group
operations and forms not merely a subset, but a subgroup, ok8

For example, we'll see in a moment thatD4, which has order 8, is a
subgroup of & (and in fact of §8;, 84, 85, and 84 also).

2.6 The general permutation group 8N

Consider N distinct objects occupyingN prescribed positions. The four
labelled corners of our square on page 28 would be one exampith N = 4.
If we take the square away, leaving only the labelsA; B; C; D g and consider
them to be 4 separate objects in their own right, then there arstill further
ways to rearrange them. We may putA into any one of the 4 available
positions, thenB into one of the 3 remaining, etc. There are jJustB3£2£1 =
4! = 24 = |§,j possible such arrangements. That is, there are jug 4j = 24
possible rearrangement operations, grermutations .

Exactly as with the original problem of the square, we can rea rm that
permutations are group operations . We haveclosure: two successive
permutations make another permutation. There is aidentity , a do-nothing
permutation. There is aninverse: we can do a permutation then undo
it. Successive permutations obey thassociative law : when we do three
successive permutations it doesn't matter whether we thinkf the rst two
together and then the last, or the rst by itself and then the hst two together.
"Three given permutations in succession' has a unique meagnregardless of
whether two of them are bracketed together. The brackets amuper°uous.

Remark : 8y, 1 is asubgroup of § forall N > 2. (For if we always leave one
of the objects xed, then permutations of all the others stilform a group.)
Indeed, Cayley's theorem says thaany smaller group is a subgroup of §.

Remember, § concerns any set oN distinguishableobjects occupying
N prescribed positions. (Quantum objects are di®erent!) A pack of cards
would be another example, withN =53, counting the joker. Notice that
the idea of the pack carries with it the idea of a set of de nite positions,
top, second top,... bottom. We may therefore speak of permation | alias
shu?ing | in exactly the required sense. The number of permutations is
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53! ¥4 4£ 10°° about four thousand million trillion trillion trillion tr illion
trillion. Permutation groups such as § can be seriously largé®

Now let's zoom in on some more detail. It's convenient to spi&ca given
permutation using the notation q

u123¢¢¢N .
3 5 2¢¢cc1

which means that the object originally in the rst position is moved to the
third position, the object originally in the second positim is moved to the
“fth position, etc. [Health warning: these symbols areot matrices.] It's
best to think of the moves as simultaneous: all the objects @ moving
from their original positions to their new positions at the ame moment, and
arrive in their new positions at some later moment. (If one imgines moving
the objects in succession, then there is a danger of forgatithe distinction
between original positions and new positions; remember,ehrst row of the
symbol refers only to original positions, and the second raw new positions.)
The inverse operation, in this notation, can be written

HB 5 2¢¢¢1ﬂ
1 2 3 ¢¢eN

The order in which the columns are written is immaterial. Reramber that
the numbers refer to positions | the xed positions from which, and into

0You ain't seen nothin' yet. Think about the number of rearrangements of the 3¢ 10°
base pairs in the human genome, @ 1) > 101%° The accusation that science depicts life
as ‘mere machinery' | with the unconscious assumption that “machinery’ means some-
thing simple, like clockwork |is profoundly wrong. That's wh vy life can be so awesomely
wonderful, varied and unpredictable. Combinatorial largeness, the largeness of quantities
like 10N or N! asN gets large, seems unknown to governments but is crucial to uret-
standing. Understanding, in turn, brings with it respect and humility regarding complex
systems and complex problems, including IT and software ergonoius, and genetic engi-
neering | “wicked problems', as they're called by some systems amlysts. Such respect
includes respect for the combinatorially large numbers of wegs for things to go wrong, re-
versibly or irreversibly. With large IT projects (reversible t o0 some extent) this means only
the familiar dysfunctionality, security breaches, and billion-pound cost overruns. With
genetic engineering (perhaps irreversible|and even the pragramming language is largely
unknown) it might or might not mean a permanently altered bio sphere that makes a few
billion pounds look like peanuts. That's why keeping science pen is so momentously im-
portant | the massively-parallel problem solving that can make headway with complex
problems. Open-source software is one successful example (Halken Documents etc).
Another successful example is John Sulston's heroic defence openness in the human
genome project.
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which, the objects are moved. The numbers do not refer to thebjects
themselves, which will continue to be denoted biyA; B; C; :::g. For example,
a group operation (permutation operation) in §, such as

M1234&1_
2 315 4°

applied to the ve objectsfA;B;C;D; E g, will rearrange them into the dif-
ferent sequencéC; A;B; E; D g. Again, the product written on the left-hand
side of

H1234JH1234J ul 4J

41235 231514 1 5
(in which, remember, the permutation written second acts st) will rear-
rangefA;B;C;D;E g into fC;A;B;E;D g and then into fA;B;E;C;D g.
You should check that the permutation on the right-hand sidealso takes
fA;B;C;D;Eginto fA;B;E;C;Dg.

The identity permutation can be written, in ?Iur notation, as

| = 1 2 3¢¢CN

-1 2 3 ¢¢eN

though to save writing we'll just continue to call it I. It's natural to save
writing in some other ways as well:

First shorthand convention : A permutation that rearranges only some
of the objectsf A;B;:::g, such as
“2 315 ZF _
3125 4"
is often written in the shorthanﬂ form q
2 31 2.6)
312" '

whose meaning is clear provided we remember we're talkingaa permuta-
tions in 85. For a general permutation in § , that is, the convention says
that any positions not shown contain objects that stay wher¢hey are.

De nition : An n-cycle in 8y (n 6 N) is a permutation that acts only on
the positionsp, (r = 1;2;:::n) | i.e. acts only on a subset of the full set of
positions 1, 2;::;; N | and has the special tail-biting form
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U 1
pr P2 ps ¢CCp, |
P2 pPs psa CCCpy

Second shorthand convention : The notation

(P1 P2 ps ¢ CiG,)

means the samen-cycle. The order in which the positions are shown now
matters. By convention, the objects are moved, from each pten shown,
to the next position on the right except that the object in the last position
shown moves to the rst position shown. (A better notation wald be to
display the positions in a circle, but that would waste papey

Notice that the symbol in the display (2.6) above depicts a 8ycle. With
our conventions, it could equally well be depicted as

U123
2 31

This particular 3-cycle takes fA;B;C;D;E g into fC;A;B;D;E g.

or (1223 or (231): (2.7)

Remark : Any permutation can be decomposed uniquely into disjointycles.

For consider the general permutation in §, fully written out as, say,

M1 2 3 ¢¢¢Nﬂ_

2.8
pr P2 p3 ¢CCpy (2:8)

In this notation we can rearrange theN columns in any way whatever, with-
out changing the meaning. So, starting from the left, we canewrite the
same permutation as u 1&
1 P Pr ¢e .
P P ps CCEC

continuing until there is a subset of columns on the left thahas been rear-
ranged into tail-biting form, with position 1 at the bottom of the last column
in the subset. If this last column is theN™ then we are Tnished: the subset
is the complete set and we have shown that (2.8) is avi-cycle. If not, then
the process is repeated until the complete set of columns Hasen partitioned
into successive tail-biting subsets | that is, partitioned into disjoint cycles
| as was to be shown. Apart from the order in which the subsets écolumns
are written, which is irrelevant, this partitioning is evidently unique.
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Example 2.11 A permutation in 8¢

The following permutation partitions (uniquely) into a 2-cycle and a 4-cycle:

u12345éﬂ

256143

(The disjointness of the two sets of positions involved, p®ns 1, 2, 4 and
5 on the one hand, and positions 3 and 6 on the other, obviousiyeans that
the two cycles commute.) (Notice also that this example hamgms to be a
complete rearrangement.)

= (1254 (36) = (36)(1254):

A 2-cycle is also called daransposition, because it just exchanges two
objects and leaves the rest alone. Plainly a 2-cycle is its ownverse. Notice
that 8§ , consists ofl and just one 2-cycle. It is isomorphic to | from an
abstract viewpoint is the same group as | the cyclic groupC,.

Remark : An n-cycle can be decomposed intm( 1) 2-cycles, for instance
via

(PL P2 2::pn) (P Pn) (P P2 iipPn; 1)

(Pz Pr)(P1 Pnj 1) =2 (PLP3) (PLP2)

(Never forget that the p, denote positions and not objects.) These 2-cycles
are not disjoint , and we lose uniqueness in general. There are many other
such decompositions. Recalling the previous remark, we n@ge thatany
permutation can be decomposed (though not uniquely) into 2-cycles

or transpositions

De nition : A permutation is said to beodd or evenif, respectively, it is a
product of an odd or even number of 2-cycles or transpositien

Example 2.12 Worked example: Show that oddness and evenness in this sease well-
de ned, despite the non-uniqueness.

Answer: This is because one cannot replace a single transposition by twimanspositions.
Call the two transpositions S and T. There are only three types of possibility: rst, that
S and T act on the same pair of positions, in which caseés = T and ST = |, plainly
not a transposition; second, that S and T act on disjoint pairs of positions, in which
caseST moves 4 objects and is plainly not a transposition; and third, that S and T act
on pairs pp; p2 and py; ps with just one position py in common (p; 6 p3), in which case
ST = (p1p2)(p2p3) = (p1 P2 P3), Which is a 3-cycle and not a transposition.

Remark : n-cycles are even ifi is odd, and odd ifn is even.
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Example 2.13 Worked example: The alternating groupAy as a subgroup of§

Show that the subset Ay of 8§y consisting of all even permutations  forms a group,
but that the subset consisting of all odd permutations does not. $%iow that Ay is a
normal subgroup of 8§y and that jAnj = %N! (AN is called the alternating group
on N letters). Show that the dihedral group D3 is isomorphic to 83, and that the
cyclic group Cj3 is isomorphic to Az. Show that the symmetries of a tetrahedron in
3-dimensional space, including re°ections (mirror images),drm a group isomorphic to 84
and that the same without re°ections (the rigid rotations of a tetrahedron) is isomorphic
to A4. Show that 83, 84 and A, are all non-abelian.

Answer: First, Ay is closed because each even permutation can be expressed as thedsr
uct of an even number of transpositions. Two such products, when mitiplied together, will
give a product consisting of a larger, but still even, number of tanspositions. SecondAy
includes the identity |, becausel = T? whereT is any transposition. Third, Ay includes
inverses because each transpositioil is its own inverse, and a product T, T,T3::: T, of
transpositions has the inverseT} T} 3 Ti4LTi P = T, Ty 1Th; 22 T1. An s therefore
a subgroup of &y . It is a normal subgroup because the inverse of an even permutation
is even, and similarly for an odd permutation; so conjugation ly any elementg 2 8y
preserves evenness. (That is, witth 2 Ay, i.e. h even, we haveghg ! even, regardless
of whether or not g is even. Or, Ay is the kernel of the homomorphism from 8§ to
C,=11;j lgdened by even7! 1, 0dd 7! i 1 (this does preserve products). So there is a
quotient group § y =Ay isomorphic to C, and therefore of order 2, sGAnj = 3j8nj = 3N!
(reminding us that there is no room within § y for more than one nontrivial coset.)

(Here's an independent proof ofjAyj = %N I | that is, exactly half the elements of

8§\ are even. Leto and e be the number of distinct odd and even permutations respectivly
(so that o+ e= N!). If g, and g, are any two distinct odd permutations, then (1 2)g;
and (1 2)g, are distinct even permutations, distinct because (1 2) has an ingrse (itself).
So, extending this to all the odd permutations in 8§y, we see that to all the o distinct
odd permutations there must correspondo distinct even permutations; soe> o. But we
can equally well start with even permutations and show thato > e. Thereforee = o, as
required.)

The isomorphisms between D3 and 83, and between C3; and Aj, follow from
the facts that rotating a triangle in 3-dimensional space can rmute its three vertices in
any manner whatever, and rotating a triangle in 2-dimensiona space permutes its three
vertices cyclically | remember that n-cycles are even ifn is odd, as with the 3-cycle
(123).

The isomorphisms between the tetrahedron symmetries and § and A4 can be shown
by constructing the group tables, or again from considering thegeometry, as follows.

If we start with the vertices coincident with "xed spatial posit ions labelled 1, 2, 3, 4,
then the even permutations are (1 2)(34) and two similar permudations, each of which
rotates the tetrahedron by 18CF about the perpendiculars bisecting opposite pairs of edges,
together with (1 2 3), (1 3 2) and three similar pairs, eight 3-cycles in all, which rotate the
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triangular faces of the tetrahedron in their own planes abot their centroids by 120* and
240". This exhaustsA, sincejAsj = %4! =12 =1+3+8. And if mirror images are allowed,
then each of the foregoing even permutations acquires a distct mirror-image counterpart,
which is odd. For instance, taking the re°ection plane lying in one edge, and perpendicular
to the edge opposite, exchanges two vertices while leaving éhother two alone. This is a
transposition and therefore an odd permutation. So every odd prmutation in § 4 produces
a mirror image of the tetrahedron rotated somehow.

(These symmetries are important to understanding the small osclations and other
properties of a methane molecule, Chl.)

8 3 is non-abelian sinceD 3 is non-abelian. Since § is a subgroup of & for N > 3 (re-
mark on page 47), & is non-abelian. A4 is non-abelian since, for example, (12 3)(134) =
(234) 6 (134)(123)=(124). _

De nition : The cycle shape of an element of § is the set of numbers
fny; n3; :::g specifying the number of 2-cycles, 3-cycles, in the unique
decomposition of that element into disjoint cycles. In simie cases such as
f2; 1, 0; O; :::g we can use the alternative notation ¢ ¥ ¢ ¥(¢ ¢)dto show the
cycle shape. This means the same thing agt ¢)¢¢ WC ¥ or (¢ W¢ ¢)¢C ¥
because the decomposition is unique and disjoint.

Thus, for instance, the example in the display (2.6) above Bacycle shape
f0; 1; O; O; :::g, equivalently (¢ ¢)¢since it is simply a 3-cycle. The example
(36)(1254)onp.51hascycle shagéd; O; 1; 0; :::g, equivalently (¢ (¢ ¢ ¢.¢

Warning : the decomposition into 2-cycles is irrelevant here, becseiin that
case the 2-cycles are neither disjoint nor unique.

Remark : Within 8§ \ (though not within Ay), the conjugacy classes are
exactly the cycle shapes.

The proof is easy, and left as an exercise. Essentially, winh§ y all pos-
sible permutations are available as conjugating elementsrfuse in (2.1). So
any permutation with a given cycle shape applies to any set elements of
8§\ displayed in any order. That is, conjugation allows us to sigtitute any
elements whatever, for the dots in any of the cycle-shape patns such as
(eneccecoce

Now do Sheet 2 g. 3. Note also thaD3 also illustrates the point, because
it's isomorphic to 8;3. The cycle shapes are ¢( ¢ )¢for the conjugacy class
fR; R2g, and (¢ ¥ for the conjugacy clasf m;; m,; msg.
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The material on this page is non-examinable this year:

A, is interesting for another reason, besides tetrahedron rotatins. It's the smallest
group showing that the converse of Lagrange's theorem is falsale have jA,j = %4! =12
but there's no subgroup of order 6. The subgroups oA, are all of order 2, 3 or 4. In
fact they consist of the identity with f(123); (132)g, f(124); (142)g, f(134); (143)g, and
f(234); (243)g | i.e., the four copies of Cs corresponding to the§ 120" in-plane rotations
of the four faces of the tetrahedron | together with the three °ips f(12)(34)g, f(13)(24)g,
and f(14)(23)g. So there are three copies o€, making up one copy of the Vierergruppe.
This last is the only normal subgroup of A4. The nontrivial conjugacy classes consist
of the three °ips, the four +120* rotations and the four j 120° rotations. The °ips can
interchange the 120 rotation axes but can't convert between clockwise and anticbckwise.

De nition : If a group G has two normal subgroupsH and J, then we say that G is the
direct product of H and J provided that

1. G is generated by the elements oH and J alone, and
2. H and J are not only normal, but are also disjoint apart from the identity.
(That is, H and J share no element other than the identity.)

Notation : the direct product is usually written G=H £ J=J £ H.

Remark : If G is the direct product of H and J, then each element ofH commutes with
each element of].

Proof: If h2 H andj 2 J, then hj(jh)i = hjhi i1 =(hjhi1)ji L But this belongs
to J becausel is normal. Similarly, hjh' 1ji ! belongs toH becauseH is normal. So by
condition 2 above, hj (jh)! * must be the identity. So hj = jh.

Example : The Vierergruppe is the direct product of any two of its subgroups, so has the
structure C, £ C,. By contrast, C4 doesnot have that structure; recall Example 2.7, and
note that C4 has only one distinct, albeit normal, C, subgroup.

Remark : If G= H £ J then the quotient groups G=H and G=J are isomorphic toJ and
H respectively. (Both quotient groups exist because of the facthat H and J are both
normal in G, as is implied as soon as we writ&s = H £ J.)

Proof : Consider for instance G=H. By condition 1, we have G=H = fjH jj 2 Jg. The
mapping from J to G=H de ned by j 7! jH is a homomorphism, becauséd is normal,
) jij2H =(j1H)(j2H). To prove that the mapping is 1{1, and therefore an isomorphsm,
it's enough to prove that for any j;;j22 J suchthat j; 6 j, we must havej;H 6 j.H,
i.e., the cosetsjiH and j,H are distinct. Suppose, on the contrary, thatj;H = joH.
Then we would have j}'j;H = H, implying that ji'j; 2 H. But j}'j; 2 J. So
condition 2 now implies that j } 11 = 1 and therefore thatj; = j, which is a contradiction.

There are useful lists of small abelian and non-abelian groupsral their properties, includ-
ing their direct-product decompositions if any, at

http://en.wikipedia.org/wiki/List _of _small _groups
| note that § \ is denoted there bySy, and the Vierergruppe by Dih,.
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Chapter 3

3. Representation theory

This chapter contains the third and nal set of syllabus itens:

Representation of groups; reducible and irreducible rementations; basic
theorems of representation theory.

Classes and characters. Examples of character tables ofrga@roups. *Ap-
plications in Molecular Physics*.

Remember, "point groups' mean symmetry groups, such aB3 and D4, that leave a point
“xed in space. (Groups that leave no point xed, such as translaton groups, are also of
interest especially in crystallography, but are not treated hae.) Some detailed applica-
tions to molecules are included for completeness but, as indated by the asterisks, are
non-examinable.

3.1 Motivation

The representation of nite symmetry groups by nonsingulamatrices has
important and well-established applications in chemistryand physics. Ex-
amples are the small oscillations of molecules with symmigs, such as C@
H,O, NH3, CHy4, etc., especially when it comes to quantum rather than clas-
sical models. Other examples include the behaviour of crgstiattices.

With simple small-oscillation problems such as the equilatal triangle
problem of Example 1.5, the symmetry considerations are intively obvious.
However, representation theory comes into its own when weeaconfronted
by the more complicated problems involved in building modslof things the
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real world. These include crystal lattices as well as real rezules! For many
of these problems, intuition is liable to fail.

Representation theory investigates systematically the psible forms that
can be taken by the matrices representing a given group. Wereddy know
that some nite symmetry groups can be represented by mateés. This was
evident from the examples, which brought in the concept of #aunderlying
vector space . We saw on page 36 that reorienting or re°ecting objects in
physical space can be thought of as linear operations on drary vectors X
within the vector spaces R? or R3.

But the real power of representation theory lies in two facts The rst
is that, as will be proved next, any nite group whatever can always be
represented by matriced. The second is that the underlying vector space
can be any vector space imny number of dimensions, with real or complex
coordinates

An example is the real vector spacéQ™ g of generalized eigenvectors of
a classical small-oscillations problem. So representatitheory is a natural
tool for discerning the qualitative features of such probhas that arise from
symmetries. For instance, symmetries can give rise to refed eigenvalues,
or ‘'degeneracy’, as itis called | i.e., to sets of normal modesharing the same
frequency. Representation theory shows how to nd these in @mpletely
general way.

It turns out that nding the possible forms of the matrices isclosely
related to nding the invariant subspaces of the underlying vector space,
where, as always, ‘invariant' means invariant under groupcéons.

 For instance CO,, H,0, and CH, are all important greenhouse gases in the atmo-
sphere. Unlike G, and Ny, they are not transparent to infrared radiation. This is because
of the way some of their small oscillations interact with infrared photons.

2Not all innite groups can be so represented, though many can. mportant examples
that can are SO(3), the group of continuous rigid rotations in three dimensions | that
is, rotations through any angle about any axis | and SU(2), the group of continuous
unitary transformations with determinant 1, or “‘complex rigid rotations' in two complex
dimensions. SU(2) arises in elementary quantum mechanics, for Erp% particles such as
electrons. It has a quotient group SU(2)/C, isomorphic to SO(3).
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3.2 The regular representation

We next prove that any nite group whatever can always be remsented by
matrices. The idea is to use the ‘complete rearrangement'querty of group
tables.

The proof is by construction. Suppose we are given the grouphie for
any nite group G. Let jGj = N. Consider theN £ N unit matrix | .
From | we may form a set of N j 1) other matrices, simply by subjecting its
rows to a set of complete rearrangements corresponding tamse in the group
table. Denote byD (Q) the rearranged matrix corresponding to the row in the
table that starts with the group elementg 1. The resulting matricesD (g)
provide a faithful representation ofG called the regular representation
How it works is easiest to see from an example.

Example 3.1 Worked example: Write down the regular representation oD3 and §3.

Answer: In the group table for D3 seen on page 37 the rstrow isl; R; R 2 my; my; ms.
The row starting with the group element Ri = R? is the third row, R?; I; R; m »; mz; m;.
We can think of this third row as resulting from a complete rearangement of the “rst row;
so for instance the rst element of the rst row becomes the secondlement of the third
row. The rule for constructing the matrix D (R) says that, correspondingly, the rst row
of | becomes the second row dD (R). Similarly, the second row ofl becomes the third row
of D (R), the third row of | becomes the rst row of D (R), the fourth row of | becomes
the last row of D(R), and so on. After doing the same for the other group elements,
reading o® the rearrangements from the second, fourth, fth ad sixth rows of the table
on page 37, we have, with dots in place of zeros for legibility

0 1 0 1 0 1
1 ¢ ¢ ¢ ¢ ¢ ¢ ¢1 ¢ ¢ € ¢ 1 ¢ ¢ ¢ ¢
¢ 1 ¢ ¢ ¢ 1¢ ¢ ¢ ¢G&¢ ¢ ¢1 ¢ ¢

Be ¢1 ¢ ¢ Be1¢ ¢ ¢&_ L, Bl ¢ ¢ ¢ ¢&e¢
DUFEBe ¢ ¢1 ¢ &PRFEe ¢ ¢ ¢1 &PRFB: ¢ ¢ ¢ af
¢ ¢ ¢ ¢1 ¢ ¢ ¢ ¢ a ¢ ¢ ¢1 ¢

¢ ¢ ¢ ¢ @ ¢ ¢ ¢1 ¢ ¢ ¢ ¢ ¢ ¢1 ¢
0 1 0 1 0 1
¢ ¢ ¢1 ¢ ¢ ¢ ¢ ¢1 ¢ ¢ ¢ ¢ ¢ @
¢ ¢ ¢ ¢1 ¢ ¢ ¢ ¢ @ ¢ ¢ ¢1 ¢
B¢ ¢ ¢ ¢ af ¢ ¢ ¢1 ¢ ¢ ¢ ¢ ¢1

DM, ¢ ¢ ¢ ¢&PMIBe ¢1 ¢ ¢ @PMFBe 1 ¢ ¢ ¢
¢ 1 ¢ ¢ ¢ 1 ¢ ¢ ¢ ¢ A¢ ¢ ¢1 ¢ ¢
¢ ¢1 ¢ ¢ ¢ ¢1 ¢ ¢ ¢ ¢ 1 ¢ ¢ ¢ ¢ ¢

It is easy to check that the entire group table is reproduced bymultiplication among
these matrices. That is, the correspondence between the matriseand the original group
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elements is an isomorphism. So the matrices provide a faithfutepresentation of D3 and
therefore of 83, which we already know is isomorphic toD3. _

Remark : The traces all vanish except for TrD(l1)) = Tr( I) = 6. The

determinants are§ 1 with the rst three positive and the last three negative.
This is a consequence of the evennessRyfR? regarded as elements of § i.e.
as the 3-cycles (12 3) and (321), and the oddnessmf; m,; ms regarded
similarly as the 2-cycles (2 3), (31) and (1 2).

Remark : We have now seerthree di®erent faithful matrix representations
of D;and 83 | ofsizes 2 £ 2, 3£ 3, and 6£ 6. The rst two appeared
in g. 1 of Sheet 2. Make sure you've done that question.

Remark : The construction of D(g) in the regular representation is read o® from the
group-table row starting with g !, rather than g. In case this seems surprising, the
reason is essentially the distinction noted in Section 2.6 betwen rearranging positions
and rearranging objects A general proof that the construction works is as follows.

Proof (non-examinable) that the regular representation fathfully represents any G: With

iGj = N, consider the rst row of the group table, consisting of the elemats of G laid out

in some de nite order beginning with | = g;, say. Consider also the row of the table that
results from multiplying the rst row by some element g' 1 6 |. The two rows are

G =foigusong  and g 'G = gy Gl I (3.1)
where an integer-valued functionpy (i) is introduced in order to describe the rearrangement
of the group elements. By de nition, the group element origirally located at the pg(i)th
position in the Tst row of the table migrates to the i™ position in the row g *G. In
particular, since g1 = | we havegy ) = g 1. Completeness of the rearrangement implies
that py(i) 6 iforalli. Also, as with any other permutation the function py(i) is invertible,
with inverse function pj; (i) say.

The elements ofD (g) can now be speci ed using the Kronecker delta. The unit matrix
| has entrieslj = %; , so applying the complete rearrangement to its rows produces

Di (9 = *,6; = Fipi): (3.2)

which takes the value 1 whenpy(i) = j, equivalently wheni = pj %j), and 0 otherwise.
Thus de ned, the matrices multiply exactly as required in order for them to provide a
faithful representation of G. For we have

ii i = + + = =+ ) = + ; .
Di @Dk (N = %6y Boii0 = Hawspio ~ Ftmiok - Lk (@

where the summation convention applies with indices runningfrom 1 to N. Remember
that (gh)' = hi g ! and note that, in terms of rows in the group table labelled by their
st element, hi g *fg-rowg = fh trowg, i.e., hi g f oy 1(iyGi=t N = FOp,()Giz1n SO
that, replacing i by py(i) | which merely rearranges the ordering of the elements on both
sides | we Tnally have hi ‘gl 'f1-rowg = fgp,¢p,(i)gGi-1;:n as required. _
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Of course the regular representation may well consist of yefarge ma-
trices indeed, for instance 53 53! for 853, the group of permutations of a
pack of cards®

Remark : From the proof just given, the trace TrD(g) = Dji(g) = O unless
g= 1, in which case we have TD(l) = D; (1)) = jGj = N, whenD(g) is
the regular representation ofG.

(Notice that the traces exhibit di®erent patterns in the other faithful representations that
we have seen. For instance, the 3-dimensional representation il 1 of Sheet 2 has traces
3,1,1,1,0,0 (taking | as the "rst matrix).

Remark : For the regular representation, for anyg 2 G the matrix product
of D (g) with itself, repeatedN times, must give the unit matrix: D(g)N = 1 .
That fact would hardly be obvious by inspection. But it follovs
immediately from the isomorphismg 7! D(g) and the fact that the N™
power g = | for every g in G. This in turn restricts the determinants
D (g)j of the regular representation. For groups of odd order, alhte de-
terminants jD(g)] = 1. For groups of even orderjD(g)j = 81, with sign
according to the evenness or oddness of the group-table r@agements.

3Another example, of somewhat smaller order thanj§ ssj but theoretically intriguing,
and famous among group theorists, is the "Monster Group' discoved in 1980. Accord-
ing to Wikipedia, the open-source online encyclopaedia | which usually seems reliable
regarding mathematical questions since they are apolitical o the whole | the "Mon-
ster Group', also known as the “Fischer-Griess Monster, or the “kendly Giant', has or-
der just under 10°*. The order is exactly 2*6:32%.5%7611213%17:19:23:29:31:41:47:59.71,
= 808;017 424,794, 512 875 886,459,904, 961; 710 757. 005 754; 368 000, 00G 000. So,
for the Monster Group, the “very large matrices indeed' that make up its regular repre-
sentation are 808,017,424,794,512,875,886,459,904,980,757,005,754,368,000,000,0@0
808,017,424,794,512,875,886,459,904,961,710,757 ®5368,000,000,000 matrices. It is
known that the Monster has a smaller faithful representation, whose matrices have entries
that are complex numbers. These matrices are only 19883 £ 196, 883. (If one replaces
the complex numbers by the elements of the \order-2 “eld", namnely 0 or 1 (mod 2), then
one can obtain a 196882£ 196 882 faithful representation.) | am grateful to Professor
Jan Saxl for clarifying these points. The Monster Group issimple, where “simple' has a
technical meaning (!) | namely, that it has no nontrivial pro per normal subgroups.
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3.3 Equivalence and inequivalence

It is one thing to know that any nite group can be representecby a set
of matrices. It is another to nd a set that's excient, in the snse of being
no bigger than necessary, and to make practical use of it. They to doing
this, in a systematic way, is to consider how a matrix represtation changes
under similarity transformations . These correspond to changes of basis
in the underlying vector space.

De nition : Two sets of matricesf Dg, f Eg are calledequivalent if they
are in 1{1 correspondence under a single similarity trangfoation, i.e. if

D = SESi!? (3.3)
for a single invertible matrix S and for all the matricesD and E. If no such
S exists, then the setd§ Dg and f Eg are calledinequivalent .

Remark : Equivalence) isomorphism. A similarity transformation cannot change the
group table. (For DD, = D, , SD,;S'!sSD,S'!= SD,Si!) Butthe converse is
false: it's possible to have inequivalent sets of matrices faitfully representing the same
group, as will be seen in Example 3.4 below. First, two examplesfeequivalence:

Example 3.2 Two faithful representations of the Vierergruppe
These are the two examples on p. 36; we give them new names,

D_Illo‘ﬂ. D_uiloﬂ. D_uiloﬂ.D_ul O‘H
Y01 70 j1° T 0 1 TfT 01
and f 1 1 1
E_Hlo_ E_“ilo_ E_“Oil_E_u01_
101 —? o ;1 3 j1 0" ™" 10
These two sets areequivalent because they are related by (3.3) with, for
example, . “1 111_ o ;ulilﬂ

i1 o1 2 1 1

(Of course it's easiest to check thaDS = SE for each pair of matrices.
Notice that it makes no di®erence if we multiphyS by any number.)

We could have anticipated this result from the remark aboutrivariant
subspaces on page 36. The similarity transformation corgeands to rotating
the axes by 45 (also rescaling, which is irrelevant) to bring them paralleto
the invariant subspaces of Dg or of f Eg, as the case may be. _
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Example 3.3 Two faithful representations ofCy:

D_uloﬂ_ D_uo Al D_“iloﬂ_D_“oilﬂ
1= o0 1" 27 71 0 37 o031 "4 100
and

E_ul oﬂ_ E_ui oﬂ_ E_“iloﬂ_ E_“iioﬂ_
1= 0 1 27 04 37 0 1 AT 0

These two sets are equivalent because they are related by3)3with, for

example, u q u q

— 11. il — 1i
S= : s_%l

i
Notice how complex numbers enter naturally, and necessarily. In fact,
the most general possible choice can easiI\zI be shown to be

b

ia jib
for any nonzero numbersa, b. Notice that the two sets are both faithful
representations ofC,: Notice also that the determinantjSj = | 2iab6 0. _J

S =

Example 3.4 C, again:

D_Hloﬂ_ D_UO 111. D_Hnloﬂ D_uoilﬂ
1= 01 27 41 0 37 o031 Y4 100

and

E_Hloﬂ_ E_Mi Oﬂ_ E_uil ‘H. E_Hiio‘ﬂ
1_01! 2 — 0|1 3~ 0| ’ 4 — 0||

both faithfully represent C4. But these two sets ardnequivalent . This is
easy to show by trying to nd q

_ ab
it is a simple exercise to show that no choice of the numbeas b, c, d will
sutce. One can makeDS = SE for each pair of matrices, but there is no
choice ofa, b, ¢, d that gives a nonzero determinaniSj 6 0. (To show this

it is enough to calculateD ,S and SE;.) _
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Example 3.5 The quaternion groupQ

Q is an order-8 group having some features in common wiby, though not
all. Like D4 it can be faithfully represented by 26 2 matrices, though with
complex entries. The elements of can be denotedf§ I; 8l ; 8J ; 8Kg

where | is the unit matﬂx and where | ,ﬂJ , K canube deawed by

Izuo 1 . J:uOi k= | 0 .
il 0" i 0’ (O
which are related to the Pauli spin matrice$. You should check (a) that
Q has three order-4 subgroups each isomorphic @, (whereasD 4 has only
one such), (b) that Q has only one order-2 subgroup (whered®,; has ve),
and (c) that all the subgroups ofQ are normal (whereas only the order-4

subgroups ofD,4 are normal).

The neatest way to verify all this is to show that I; |; J; K satisfy
Hamilton's relations 12 = J2 = K2 = IJK = j | (with matrix mul-
tiplication understood, as usual). From these one may showrther that
IJ = K= iJI and three similar relations. LikeD,4, Q is not abelian!

The order-2 subgroup ofQ is f§ | g, with cosetsf8lg , f8Jg , and f§Kg
(left and right). An order-4 subgroup isf§ I; 8lg (isomorphic to C;) with
cosetf8J ; 8Kg. Similarly, we have a subgroupf8 I; 8Jg with coset
f8K ; 8lg , and a subgroupf§ |; 8Kg with cosetf8l ; 8Jg .

Remark : It is easy to show, by seeking a similarity transformation & in
(3.4), that these eight matrices aranequivalent to the eight matrices rep-
resentingD,4 on page 32. Indeed, the result follows, with no need for calcu
lation, simply from the fact that Q and D, are not isomorphic and therefore
have di®erent group tables. (As noted above, a similarity ansformation
cannot change the group table.)

It is crucial to remember that equivalence always refers tche complete
set of matrices, not just to one or to any subset of them. _

Remark : Generalizing the notationU(1) above, in Example 2.8, we use the
notation U(n) to denote the group of unitaryn £ n matrices. Recall that a
unitary matrix D has complex entries and that its inverse is its transposed
complex conjugate, implying that the determinantjDj = §1. Notice that

I 1;J3; K2 UQ).

4In terms of the standard notation %4, ¥», ¥ for the spin matrices (e.g. Jones chapter 8,
p. 140) we havel = i¥%,J = %, andK = i¥z. (Remember, footnotes aren't examinable.)
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Remark : U(n) is a subgroup of the group GL(n;C) of all nonsingular
n £ n matrices with complex entries.

(Make sure you check thatGL (n; C) and U(n) are indeed groups.)

The letters GL stand for "General Linear', referring to the way that the
matrices act on vectors as linear transformations, withinrte underlying vec-
tor space which is of cours&€", the n-dimensional vector space with
complex numbers as scalars.  This means that matrix entries and vector
components are all complex numbers.

GL(n; C) is the basic sca®olding for building representation thepr As
Example 3.3 on page 61 demonstratespmplex scalars arise naturally
and inevitably , even though there are particular cases where attention can
be con ned to real scalars. (Then we sometimes consideL (n; R), the real
counterpart of GL(n; C), and a subgroup ofGL(n;C). So then we have
real scalars, real matrix entries and real vector componenj

3.4 The character of a representation

De nition : The character of a representation is theset of traces of its
matrices.

The traces can be real or complex numbers. They form importanpatterns, or ngerprints,
both of group structure and of particular representions of tha structure. By convention,
the rst element of a character is taken from the unit matrix. T hen one can read o® the
dimension of the representation as the rst element of its charater. The characters of the
representations encountered so far in this course are as follaw

Regular representation of any nite group G (page 58): fjGj; 0; 0; 0; 0; 0; 0; O; ::: Og

Representations ofD3 and 83 in Sheet 2 g. 1: f3;1;1;1; 0; Og
Representation of D3 and §3 in Example 2.5 f2;i 1,i 1;,0; 0; Og
Representation of D4 in Example 2.2 f2;0;i 2,0;,0; 0; 0; Og
Representation ofQ in Example 3.5: f2;i 2,0, 0; 0; 0; 0; Og
Rep'ns of the Vierergruppe in Example 3.2,D'sand E's: f2;j 2; 0; Og
Representations ofC,4 in Example 3.3,D's and E's: f2;0;i 2, Og
Representation of C4 in Example 3.4, D's only: f2;0;i 2; Og
Representation of C4 in Example 3.4, E's only: f2;2i;i 2;i 2ig

Notice that the elements of each characteradd to zerq except in the rst two examples.
The reasons for this will be discussed in the next section.

Notice also that the characters are the same for all the pairs oequivalent representions,
and di®erent for inequivalent representions. For instance theharacters di®er forD4 and
Q, and for the D's and E's in Example 3.4. This is not accidental. We will note next
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that characters are invariant under similarity transformati ons | one reason why they're
important “ngerprints. (That invariance was illustrated in S heet 2 g. 1.)

Remark : Characters areinvariant under similarity transformations

This is because TrABC ) = A Bjx Cii = Tr( BCA ), the cyclic property of
traces, implies that

Tr(SDSiY) = Tr(DSi'S) = Tr(D) : (3.5)

Here's another reason:
Remark : Characters areinvariant within a conjugacy class

For if two elements are conjugate | recall the de nition (2.1) | then in any
representation their matrices,D; and D, say, must be related by

D, = DD,Di? (3.6)

whereD is some other matrix in the representation. But the cyclic poperty
of traces then implies, in exactly the same way as above, that

Tr(D,) = Tr(DD;D'Y) = Tr(D;D''D) = Tr( D) : (3.7)

3.5 Reducibility and irreducibility

Examples 3.2 and 3.3 illustrateeducibility .°> In 2 dimensions, reducibility
means simply thatall the matrices in a representation can be diagonalized
by a single similarity transformation. Thus, in Example 3.3 theD matrices
get reduced to the purely diagonaE matrices, and in Example 3.2 it's the

E matrices that are reduced to the purely diagonaD matrices.

Such reduction is far more than the ordinary diagonalizatio of a single
matrix. Again the idea is to consider all the matrices togetér, because
again we want insight into the structure of the group they repesent. And
remember, yet again, that the (single) similarity transfomation can't change
that structure because it can't change the group multiplicion table:

DDn=D, ) SD/S'SD,S '= SD,S'*: (3.8)
(That is, equivalent representations are isomorphic.)

5In some texts reducibility, as de ned here, is called “complee reducibility".
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Remark : A 2-dimensionalnon-abelian representation is irreducible.

For if it were reducible, then its group table would be the sameas when the matrices are
all diagonal. And diagonal matrices commute with each other which would be a con-
tradiction. So our 2-dimensional matrix representations of D3, D4 and Q are all
irreducible

What does reducibility mean when the dimensionality is 3 orrgater? By
de nition it means block-diagonalization understood to include elementwise
diagonalization:

De nition : For any number of dimensionsteducibility means reducibil;
ity by a similarity transformation to block-diagonal form  such that every,
nonzero matrix element is con ned within the same block-dgonal shape.

The 3-dimensional example of Sheet 2 g. 1 illustrates this. Thedst set of matrices (third
display on the example sheet) have their nonzero elements coned within a single block-
diagonal shape, which in this case has £ 1 matrices at upper left and 2£ 2 matrices at
lower right. In this example, we know that further reduction to three 1£ 1 matrices on
the diagonal, i.e., elementwise diagonalization, is not posble. By the Remark above, the
2£ 2 matrices at lower right are irreducible because the group ision-abelian.

Notice that the elements of each characteadd to zero for each 2-dimensional
representation listed on page 63. In particular, they add ta@ero for the
2-dimensional representations ofD3;, D4 and Q, which are all irreducible
as already remarked.This turns out to be a general property of irreducible
representations of any dimensior] indeed, a special case of what I'll call
their “gridlock orthogonality properties' , XX3.8®.

By contrast, the character of the regular representation has Ements that never add up
to zero. We saw that they add up to jGj. That will allow us to prove that the regular

representation must always be reducible. (That's hardly surpising in view of its vast size.)
Also reducible is the 3-dimensional case of Sheet 2 q. 1, whose cheterisf3; 1; 1; 1; 0; Og.
And, sure enough, the elements add up to a nonzero value, 6.

Remark : Reducibility means that the underlying vector space has
invariant subspaces.

If the underlying vector space is 2-dimensional, and if thef2 2 matrices
of a representation are all in diagonal form, then plainly thy leave invariant
just two 1-dimensional subspaces. These are the two subspscspanned
by column vectors (2 0)", (0; 1)" | multiplied, of course, by any scalar
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we please, which includesomplex scalars when we are working within
GL(n; C).

In the case of Example 3.2, those subspaces are real 1-dinme sub-
spaces of the vector spade®. In the case of Example 3.3, the invariant sub-
spaces of theD's are complex 1-dimensional subspaces of the vector space
C?. These particular subspaces happen to be invisible withiR>.

If the underlying vector space has more than 2 dimensions,dh plainly
it can have invariant subspaces of more than 1 dimension. Thimensions
of such subspaces match the sizes of the matrices on the diz@aafter the
matrices have been reduced, i.e., put into block-diagonarin.

Remark : In Examples 3.2 and 3.3, the invariant subspaces are mutlal
orthogonal provided thatwe de ne orthogonality of two vectorsx, y using a
scalar or inner product & ; y) of Hermitian type, namely

x;y) = xy; = Xy, (3.9)

with summation convention over the components. The astekisdenotes the
complex conjugate and the dagger the transposed complex parate.

Orthogonality has, of course, no meaning unless one says with respt to what inner or
scalar product. Two vectors are orthogonal, by de nition, if their inner product vanishes.
You should check that this holds in both the examples mentiond | Example 3.3 as well

as 3.2 | provided that one remembers the complex conjugate in (3.9). Without it, the

invariant subspaces of theE's in Example 3.3 won't tr%nsform to orthogonal invariant
subspaces of theD's. (Notice that in this example S = " 2 times a unitary matrix.)

3.6 The group-invariant inner product [X; V]

This is also called the group-invariant scalar product, onjst the invariant in-

ner product or invariant scalar product. It is key to some oflhie most beauti-
ful theorems of representation theory and generalizes thedmary Hermitian

inner product as follows:

De nition : Let (x; y) be the ordinary Hermitian inner product de ned by
(3.9). Let the matrices in a representation of a given grouf be the set
fD(g)g. De ne

X ¢
[x;y] = D(g)x; D(9)y ; (3.10)

092G
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where the round brackets mean the same as in (3.9) and whehe sum-
mation is over all the group elements g.

Remark (the invariance property): For any xed h 2 G, we have

[D(h)x; D(h)y] = [x;y]: (3.11)
This result follows at once from the complete rearrangemergroperty of
group tables, after substitution into (3.10). The sum over gup elements
doesn't care about the order in which the elements are taken(This device
of summing over group elements will come up repeatedly.)

Implication : Any given representation of a given groufis becomes uni-
tary if the inner product is rede ned as in (3.10) (and one changdsasis
in the underlying vector space to be orthonormal with respéc¢o (3.10) |
another similarity transformation, of course).

So all nite groups can be seen as groups a@feneralized rotations and
re°ections within a complex vector space , representable byunitary
matrices . Generalized rotations and re°ections mean group actionsen the
underlying vector space, that preserve theengths and mutual orthogonality
of vectors® “Length' can be dened as X; x)*2 or [x; x]*%.  If we take
it as [x; x]* | which has all the standard properties of inner or scalar
products | then the whole of representation theory for GL(n;C) can be
developed within U(n), with similarity transformations and group actions
all described by unitary matrices . (Example 3.3 illustrates this.)

(The standard properties are positive de niteness, X ; x] > 0 when x 6 0, Hermitian
symmetry, [x;y] = [y;x]", and linearity [x; ay + bz] = a[x;y]+ b[x;z], all easily
veri ed from (3.10). When (3.10) is used to de ne ‘length' and “orthogonality’, all the
standard derivations of matrix eigenvector-orthogonality, etc., go through in a way that
closely parallels the case of real generalized inner productgcalled on page 14.)

In particular, when (3.10) is used, to de ne “length' and “@hogonality’,
then every invariant subspace has an orthogonal complement, aitiinvari-
ant subspaces can be taken to be mutually orthogohalot just particular
cases like those of Examples 3.2 and 3.3.

Summary : Reducibility , mutually orthogonal invariant sub-
spaces, reduction possible as de ned hereto block-diagonal form

SMathematicians call these ‘isometries', meaning operationshat preserve lengths or
distances, in any sense that satis es the triangle inequality.
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Of the faithful representations we've seen, it's only therreducible rep-
resentations whose characters have elememgsaranteedto add up to zero.
The representations in Example 3.4 have the charactef®; 0;i 2; Og and
f2; 2i;i 2;i 2ig, whose elements do both add up to zero. The rst does so
essentially because it's irreducible withirGL (n; R) even though not within
GL(n; C). The second does so only because it's made up of two identica
copies of a 1-dimensional irreducible representation.

3.7 Unfaithful representations

So far we have dealt only with faithful representations, wich by de nition
are isomorphic to the groupG they represent. However, we may also consider
sets of matrices, including £ 1 matrices, that aremerely homomorphic

to G. For the moment I'll call these “unfaithful representatios'.

You already know some relevant examples, from q. 4 of Sheet Zhe rst
is a homomorphism fromD4 to the trivial group consisting of the identity
only | let's call it C; | represented by a single 1£ 1 matrix (1), the same
thing as the ordinary integer 1:

fLR;RE R, My my;mg;mag 7' F1 1 1 1 1 1 1 1g

(So the kernel of this homomorphism is the whole dd4.) Then there are

three nontrivial homomorphisms, mappingD 4, in three di®erent ways, to a

faithful representation of C, consisting of the two £ 1 matrices (1) and ¢ 1):
FERRE RS mMymymg;mag 70 F 1 1 1 15 L5 15 1 1g
FERRER: MMy mamag 70F L 1L i 1115 1 1g
FERRER: MMy mamag 70 FL i L i L i L i L L 1g

You will already have checked that these mappings preserveogp multi-

plication and are therefore homomorphisms. (Their kernelare the three
normal subgroups oD 4, namely C, and two copies of the Vierergruppe.)

But what's the point in considering representations o€,, let alone ofC,,
as ‘representations' of a much bigger group suchBg? They represent only
some aspects ob4, so we are throwing away information! How can this
be useful?
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It's like a chess gambit’ One throws away information but gets back
much more in return. The payo® comes from consideriadl the irreducible
representations together , faithful and unfaithful. So by convention
they're all called ‘representations' , regardless of how much or how little
information each one contains. So, in particular, the trial representation
f (1)g, which contains no information at all, and faithfully represents only
the trivial group C,, is nevertheless called a ‘representation’ of, for instagc
D4, or indeed of any nite group whatever.

What do equivalence and irreducibility = mean for 1-dimensional rep-
resentations? The key is to notice that 1-dimensional sinaifity transforma-
tions are powerless to do anything: SDS' * = D if the matrices are ¥ 1.
(In a 1-dimensional vector space there can be no changes otibabeyond
rescaling.) It follows that

All 1-dimensional representations are irreducible , and that
Any two distinct 1-dimensional representations are inequi valent.

Remark : The character of a 1-dimensional representation is the same thing
as the representation itself, because the traces of 1-dinseanal matrices
are trivially the single entries in such matrices. Theref@, the images of
the above homomorphisms aralsg of course, the characters of these four
1-dimensional representations db 4.

Remark : These four are theonly 1-dimensional representations db 4.

(You can take this on faith, or easily prove it. You need only shav that no other choices
of § 1 qualify as homomorphisms, nor do any other sets of numbers, rear complex.)

Remark : Similarly, the only 1-dimensional representations dD; are
fl;R;R%my;my;mseg 7! f1; 1; 1; 1; 1; 1g (3.12a)
flR;RZmy;mymsg 7! f11; 15 155 L 19: (3.12b)

The trivial representation (3.12a) has already been given a smak preview, at upper left in
the second 3-dimensional representation ob3; or §3 in Sheet 2 g. 1.

Remark : The rule that the elements of a character add to zero holdsrfev-
ery nontrivial 1-dimensional representation shown abovelhe general theo-
rems to be stated and proved in Section 3.9 below establishattthis addition

"The great mathematician J. E. Littlewood called it ‘impudence’ in mathematics. See
Littlewood's Miscellany, ed. B. Bollob$is, 1986, Cambridge University Press, 200 pp.
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rule is true in general, as a special case of a remarkable sktgridlock or-
thogonality properties ' that hold for the complete set of inequivalent ir-
reducible representations | 'IRs' or “irreps' for brevity.

The general theorems also prove that the complete set of inegalent
irreps for D3 and D4 consists of the 1-dimensional irreps just displayed to-
gether with the 2-dimensional faithful irreps already foud, in Example 2.2
and in Example 2.5, EQs.(2.2). In both cases there are, indgao more in-
equivalent irreps . (Of course there are lots more 2-dimensionafjuivalent
irreps obtainable by similarity transformation.)

Associated with the complete set of inequivalent irreps foevery nite
group are certain patterns implied by the general theorem#he patterns as-
sociated with “gridlock orthogonality'. It's easy to see wat these are like,
from simple examples. A good way to begin to see the patterns to sum-
marize the characters of all the irreps in acharacter table '

The character tables forD3; and D4 are enough to convey the idea. I'll
show them, therefore, before discussing the general theose

3.8 The character tables for Dz and Dy

For D3, we denote the trivial irrep by d¥, meaning either the whole set of
1£ 1 matrices, or the homomorphism from the group to the set of nraces,
given by (3.12a) in this case (see Remark on p.77 re notationpimilarly,
the next 1-dimensional irrep, given by (3.12b), is denotedybd®, and the
remaining irrep, the 2£ 2 faithful irrep given by Egs.(2.2), is denoted byd® .
The corresponding characters will be denoted b§\d(1) %\d@ , and Ad(3) ;

Example 3.6 Character table forD3

Il R R?|m;y m, ms

Ao |11 1|1 1 1

1
Ap [1]1 1]i1 i1 i1
Ad(s) 2i1i1 0 0 0
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The last row, showing the characterAd(:.;) , whose elements are the traces
of the 2£ 2 matrices in Egs.(2.2), is laid out in the same order as in tise
equations and as on pages 63 and 37. The partitioning into gagacy classes
is shown by vertical rules. Notice the invariance of charaet elements within
conjugacy classes, as dictated by (3.7). _

Similar conventions are used foD,. We have the four 1-dimensional

the one faithful 2-dimensional irrep shown on page 32 (Exargp?2.2), and
will denote it by d®. Its traces appear in the bottom row of the table:

Example 3.7 Character table forD,

I R2 R R3 m; My | M3 My

1|1 1] 1 1

Ad 1)
Ad (2
Ad 3
Ad 4)
Ad ()

Not only do all the horizontal rows add to zero except the rstas noted
earlier, but every row , regarded as 3Gj-dimensional vector,is orthogonal
to every other row . Moreover, every column is orthogonal to every
other column that belongs to a di®erent conjugacy class . (Therefore
character tables are often shown with the conjugacy clasdesnped together
into single columns; then every column is orthogonal to ewenther column,
as suggested by the wordgridlock ')

1

1 /1 1]i1 1|1 ;1
1 /i1 i1 1 1(i1 1
1

il ij1]ij1 1| 1 1
i2/ 0 0|0 OO0 O

N[ R R R R

_

It can be proved that these are completely general propertef the char-
acter table of any nite group whatever, provided only that h cases where
complex values arise (a) one usediaitary representation , as (3.11) shows
we can if we wish, and (b) interprets orthogonality in theHermitian sense .

And yet more is true: the gridlock is even tighter. Not only des it
constrain the character table, but also thendividual elements of the irreps
of dimension 2 or greater. Details in the next section. Once aig the key
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device issummation over all the group elements , as in (3.10), taking
note of the complete rearrangement property

And from the gridlock come some remarkable constraints on éhnumber
and sizes of irreps, as followd-or any given nite group G we can prove:

Theorem 1 : The number of inequivalent irreps | including the trivial i rrep
| equals the number of conjugacy classes. (Both the above chacter tables
illustrate that fact.)

Theorem 2 : If the dimensions of the inequivalent irreps are denoted by
ny(=1) and ny, :::; ny, then

X

n = jG;j:

®=1
Notice how this pins down the number of inequivalent irreps! For D3, we
have 2 a2 a2

1°+1°+2°=6;

and so there are indeed no other possibilities. We really refound all the
inequivalent irreps, and the character table on page 70 réalis complete.

Similarly for D4, we have
1°+1%+1%+1%+2%=8;
so its character table on page 71 is also complete. There caa bo more
inequivalent irreps ofD,.

For small groups one can often determine theentire character table  from the foregoing
constraints alone, assuming that one has previously determinethe irrep or irreps having
more than one dimension® The latter can usually be found from geometric intuition as
we did for D3 and Dy4.

Corollary of Theorem 2 . ¢
Every irrep has dimensiont IjGj i 1 1:2, for jGj > 1.

Thus for instance no group of order less than 5 can have a 2-dimsional or higher-
dimensional irrep, so no group of order less than 5 can be non-ali@n. In fact the smallest

8An example is the quaternion groupQ (p.62). Using Theorem 2 we can easily show
that its character table must be the same as forD4. (Note that Q has a homomorphism
onto the Vierergruppe whose 2-dimensional matrices are, hower, reducible as we saw in
Example 3.2, so can't enter the character table.) Another niceexample is & (p. 85).
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such is of order 6, namelyD 3 and its isomorph §3. (Because 5 is prime, the only order-5
group is Cs.) For § s3, there can be no irrep with dimension greater than (53} 1)72.

We also note for completeness

Theorem 3 : The dimensionng of each irrep dividegG;.

The proof of this last theorem is well beyond our present scep What's
usually most important in practice, though | for instance in analysing the
small oscillations of symmetric molecules | is the use of Theorems 1
and 2 to pin down the nature of the irreps of small groups. It ttns out for
instance that the numbers of degenerate normal modes  (distinct modes
with the same normal frequency) are just thalimensions of the irreps

The proofs of Theorems 1 and 2 are relatively easy, but too lgrfor a
10-lecture Easter-term course. However, I'll give them irhie non-examinable
sections below, after showing where gridlock orthogonalicomes from.

3.9 The orthogonality theorems for irreps

This is the fundamental theorem from which Theorems 1 and 2 erderived.
It depends on the following remark, called&chur's lemma :

Remark : Given any nite group G, consider two of its inequivalent irreps
with underlying vector spaced/; andV,. Letf : Vi ! V, bealinear mapping
from V; to V, that preserves not only all thevector-spaceoperations | as
any such linear mapping must | but also all the group operations. Then

f must beeither zeroor a vector-space isomorphism (3.13)

(meaning a 1{1 mapping that preserves all vector-space op#ions). Fur-
thermore if V; and V, are isomorphic, the second case of (3.13), then

f must bea scalar multiple of the identity map. (3.14)

Here's a sketch of the proof (non-examinable). Becausé preserves group operations,
its kernel (the subspace ofV; that maps to the zero vector in V,) is a (group-)invariant

9The proof depends on recognizing that the underlying vectorspace can be replaced
by a structure known in linear algebra as a ‘'module over a comntative ring' (see Serre's
book). This exposes some consequences of the fact that, in “nigroup representations, the
inverse matrices can be obtained by matrix multiplication and that therefore no numerical
(arithmetical) divisions are required | contrary to what one might think from the standard
formulae for matrix inverses.
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subspace. Similarly, its image inV, is an invariant subspace ofV,. But irreducibility
says that there can be no invariant subspaces other than the zergubspace or the whole
space, and (3.13) follows.

If V1 and V, are isomorphic, the second case of (3.13), then we can regard theas the
same vector space. Then (3.14) follows from the fact thaf cannot have an eigenspace
other than the whole vector space. Recall that the eigenspacef@ linear mapping is the
subspace spanned by a degenerate set of eigenvectors, i.e. alllwihe same eigenvalue.
(Recall "Gram{Schmidt orthogonalization' etc.) But, under our assumptions, such an
eigenspace is anothefgroup-)invariant subspace . So irreducibility says that it can
only be the whole vector space, with only one eigenvalue, the atar multiple referred to in
(3.14). (The theory of eigenspaces is simplest for orthogonalral unitary transformations,
and in view of (3.11) this is suxcient, though strictly speaking not needed.) _

These results translate into matrix form as follows. If theihear mapping
f is described by some matriXT, then group operations are preserved
and only if T commutes with the irreps , in an appropriate sense. More
precisely:

Given any nite group G, let two of its inequivalent irreps be denoted by
d@®(g) and d()(g), with dimensions respectivelyng and n-. Suppose also
that T is an ngE£ n- matrix independent ofg 2 G and such that

d®(@T, = T, di’(@ foral g2G:

(No other assumption is made abouT ; for instance its elements could all
be zero.) ThenSchur's lemma says that

T=0 if ®6  (i.e. di®erent irreps) (3.15)
and

T=_1 if ®= (i.e. same irrep, &) same dim.) (3.16)
for some scalar number , real or complex.
These two remarks are sometimes called Schur's rst and sadolemmas,
in some order. From them we can derive the fundamental orthogality
theorem, which I'll label "Theorem 0' because it's the fouration-stone of
the whole “gridlock edi ce"

Theorem 0: Let G be a given nite group with jGj elements. Letd®, :::,
d™) be the inequivalent irreps ofG, with dimensionsny, : ::,ny, respectively.
Then for any two of these, sayd® and d( ?, the matrix elements satisfy

di”(@dg (@' ") = The @ A (3.17)
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(no summation over®).

The key to proving this and subsequent results is the fact previasly made use of to get
(3.112), that the summation over all group elements g2 G doesn't care about the
order in which the elements e taken X That is, ggr instance, j@r any function f (¢
and any xed g; 2 G we have f(g)= f(gl)= f (g19) = f(gi 'g), etc.

g g g g

Proofs from here on are non-examinable.

Proof of the fundamental orthogonality theorem For convenience letS;,; denote the
array on the left of (3.17):

X _
S = di§®)(9) dy (g ) :
9
Because of the summation over group elements, this is independeof g. Initially we
regardj; k as xed and consideri;| as matrix indices. Becausedi(iqf)(gl) di(é';))(g) = di§®)(glg)

(homomorphism preserves group multiplication) we have for ag xed g, 2 G

d{® (91) Siork d®(q0) d$ (g Y

d{® (g) dy (el ‘)’ Y
X

N _ B
d{®(g) diyd(g" 1) dy (q)
g
() .
Si 0; kj d|0| (gl) .

d® (9 d, (g ‘ar)

The second line uses the complete rearrangement property | invariance when the order
of summation is changed | and the fourth line again uses the homomorphism property.

Since the foregoing holds for allg; 2 G, Schur's lemma implies that

S | i ®=;
Sil;kj = O; ®6

By a similar argument ) ©
deo(91) Stk of = Sikj 0o (G1) ;

giving _
Sil;kj / Hk when ®=
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Altogether we have, therefore, for some constantC,

X o

Sig = dP(d\ (g )= CHo HH

9
For ®= ", summing overj = k gives, sincedi(l®) (gg 1) = di(|®)(l )= 4,
jGiti =CH 8 ) C=jGj=ne
sincekk sums tong. This gives the orthogonality theorem (3.17).
Remark : If the representation d( ) is unitary, we may take
d@h = di’@ = di )" (3.18)

where o denotes the complex conjugate.

Corollary of Theorem 0  (character ‘row orthogonality' , or “gridlock
mark 1'): If we seti = j and k = | in the orthogonality relation (3.17) and
sum over the repeated indices using & = 4 = ne, the result is

X A ~
Ao @AY = iGite ; (3.19)
g

or equally well (because, yet again, the sum over group elem®doesn't care
about the order in which the elements are taken)

X A ~
Ao (@) A (@) = [Gjze (3.20)
g
In the unitary case these become, respectively,
X A An . .
Ao (@A (9) = [Gjter (3.21)
9
using the trace of (3.18) (note that the right-hand side is &), and
X An A . .
Aser (@A (9) = [Gite; (3.22)
9

which is the same thing rearranged (and, in any case, a realantity).

Finally, since the character values are the same for each gpoelement in
a given conjugacy class, we can rewrite these orthogonalitglations in the
form exempli ed by

X A~ -~
iCij Ay (@A (G Y = (Gt ; (3.23)

C
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the sum now being over the class&S; and jC;j the number of elements in
the classC;, with g any representative ofC; , i.e. anysingle element inC; .

Remark : One may think of a ‘representation’ (faithful or unfaithful , reducible or irre-
ducible) in two slightly di®erent ways. The “rst way is, as above, to think of it simply as
the set of matrices, such asD (g) or d(g) (lower-case for irreps) with componentsDj; (0)
or d;j (9), to which a group G is isomorphic or homomorphic. For any one representation
there are of coursg/Gj of these matrices, agg runs over the whole groupG. The second
way? is to think of the “representation' as the mapping itself, the homomorphism, between
G and the set of matrices. The mapping is often denoted byD (g) or d(g).

Please note:Everything from here on is non-examinable | including the
section on molecular oscillations, as per schedule.

In order to prove Theorem 2, we need to consider rst the

3.9.1 Decomposition of a reducible representation

Given any nite group G, let us suppose that we know its irreps, say homomorphisms
d®, d@ ::: dN) and matricesd®, d@, :::, d™) in some basis. LetD be any
reducible representation of G. This means that D must be decomposable as a block-

diagonal “direct sum'
mld(l) © mzd(z) ©¢c¢ @y d(N) X

where themy are integers called the multiplicities. The term direct sum and the symbol
© simply mean, by de nition, the concatenation of irreps down the main diagonal of
each block-diagonal matrix of D, produced by some similarity transformation S. The
multiplicities my are the number of times each irrep is repeated in the direct sumi.e., the
number of copies of each irrep that appears on the main diaga.

Symbolically, we may say the same thing as follows. LeD(g) be the matrix corre-
sponding to some group elemeng 2 G in an arbitrary basis. Then the reduction can be
written symbolically as

SD(g)S' t = 1M). dW(g) © 1M). d@(g) © ¢¢¢ @Mv). dN)g):  (3.24)

where the symbol- is shorthand for block matrix multiplication, with (M) the m, £ m,
unit matrix, acting on d® as if it were a scalar and thus creatingm; copies of it con-
catenated down the diagonal, and similarly withd @ | :::, d(N).

0This second way of thinking tends to be favoured by pure matheraticians; it is beau-
tifully developed in Serre's book.
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Now remember that the character vaIueAD (g) of the representation matrix D (g) is
invariant under similarity transformations. Therefore, taki ng the trace of (3.24), we have

A9 = mA @+ mA 9+ cee myA,, (9 : (3.25)

We can use this result to nd my, mg, :::, my without having to nd the similarity
transformation S. Multiply (3.25) by /A\d(®)(gi 1), sum over all classes inG, and use the
orthogonality relation (3.23):

X " "
me = % iciA, @A@Y (3.26)
Ci

and similarly for my, :::, my.

3.9.2 Decomposition of the regular representation, and
proof of Theorem 2

Given any Tnite group G, we denote its regular representation byD (R), and the individual
matrix corresponding to group elementg 2 G by D(R)(g). Recall Tst that the character
of D(R) has only nonzero character element, that corresponding to th identity:

A o)=ici;  Aje(@=0; g6l: (3.27)

(This was shown on page 58 to follow from the complete rearrargment property, which
holds for the particular row-permutations of | that make up the matrices D (R)(g).)

To decomposeD (R into the irreps of G we use the orthoganality relation for characters,
(3.23), and its consequence (3.26). For any irrep we haveA\ (1) = ne, with ng its
dimension, so, using (3.27) in (3.26) and noting thatjC;j =1 when g = I,

1 X A A
RHS (3.26) = = iCii Aoy (1) Ay (1) = no :
Ci

Thus (3.26) tells us that the dimension, ng , of each irrep is equal to the multiplicity, me,
of its occurrence in the regular representationD (®).  So

DR = nd® ©n,d® ©¢e¢c@yd™N) :

This means that for some similarity transformation S the individual matrices D (R)(g) of
the representation must all satisfy

SD®)(g)sit= 1) . dB(gpo1) . d@(goececed™)- dN)(g):  (3.28)

Now substitute g = |, the identity element. By counting down the diagonal we immedi-
ately get X
ng = iGj;
®

which is Theorem 2.
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3.9.3 Proof of character "column orthogonality'
or "gridlock mark 2'

This "nally leads to the proof of Theorem 1. And now, for the r st time, it's essential
to use unitarity , which (3.10)®. assures us is always possible (by choosing basistogs
that are orthonormal with respect to the group-invariant inn er product).

First we evaluate (3.28) for two group elementsg = g; and g = g, 1 multiply the
results together, and take the trace. For the left-hand side wehave

i T T T
'SD®(g)s 'sDP (g s 1, = 'SD® (@)D P (g S T = 'S (g S T
= Sj Dj(l<R)(919i2 st = Dj(kR)(glgiZ ")
= DJ»(JR)(glg‘2 )= jGj or 0 accordingasg = g or g1 6 @) :

by (3.27). Denote this by jGj 44,4, , €xtending the Kronecker delta notation in an obvious
way.

The right-hand side is the tracg of a block-diagonal matrix product in which each term
of the form Tr "d(®(g;) d(® (g, *) occurs with multiplicity ne. So altogether we have

X ; ¢
iGitgg, = neTr 'd® (gy)d @ (g 1)

n®di§®)(gl)dj(i®)(gzi 1) (summed overi:j )

nedi™ (g) & ()" (by unitarity) : (3.29)
®
Now for any xed i;j;® one can regard the matrix elements

di” (e o7 (@) o (g);

as the components of §Gj-dimensional vector. The orthogonality theorem (3.17) says hat
such vectors coming from di®erent irreps and also from di®erémpositions in the matrix
(di®erentij ) are orthogonal. The result (3.29) shows that these vectors fan a complete

set in this jGj-dimensional vector space. In general, folC" with a basis of orthonormal
vectors v, (r = 1;:::n), sat';@fying (vr;Vvs) = viYvs = %g, there's a completeness

relation that takes the form v, v,¥ = 11" saying that the vectors span all of C".

r

And now a similar completeness relation may be obtained for chaacters. The charac-
ter orthogonality relation (3.23) corresponds to orthogondity of N c-dimensional vectors
where c is the number of conjugacy classes anlll is the number of irreps. The associated
completeness relation will then require thatN = ¢, giving Theorem 1.

To derive it we let g, ! gag * in (3.29), second-bottom line, then x g; and g, and
sum over allg2 G as well as over®, i and j,
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X X X
Gl tggg g = ned{” (gag' 1) df” (&' )
g ®
X
= ne  dX(@dP (a)d{® (g Hd¥ (@' Y
® g

X
= G 4 dP (P (%' Y

N -

G Ay (@A (@'Y
N ~

jGj Ad(®)(gl)Ad(®)(gz)“ ;
®

where the third step uses Theorem 0, the full orthogonality rehtion (3.17). Now asg
runs over the whole groupG, with g, and g, xed, gag * runs (more than once) over
the conjugacy classC; containing g;, whose sizgC,j < jGj. If C; di®ers from the class
C, containing @, then the delta function on the left is always zero. IfC; = C, then some
of the terms on the left are nonzero, because conjugation by sognelement or elements of
G must sendg; to g,. There must be at least one such elementy say. Theng, = ga ¢ .
If there is any other such element,g? say, then it must satisfy ¢ = €’ 6” ' = gag *,
which can be rewritten as hgihi ' = g where h = g '¢° But the set of all h with
hgihi t = g, for xed g1, is a subgroup ofG, say Hg, (Sheet 2 g. 6) because ik 2 Hg,
then kgiki ' = g1; ) ki kgik! 'k = ki tgrk ) o = ki tgik, soki 2 Hg,; and,
again, if k;> 2 Hg, then (k)gi(k)' = k(g:™ ki 1= kgiki ' = g1, sok’ 2 Hg,. So
the set of elementsf g; * §°°::: g that send g; to g is in 1{1 correspondence with the set
g fo; 6% ¢%:::g which is just Hg,. So the (co)setfg; g% ¢ :::g has sizejHq,j. Now
g2 can beany element of Cq, including g, itself (which is sent to itself by conjugation
with any h2 Hg,). SoG can be partitioned into jCij disj?int sets gach of sizgHg,j. So
iC1jjHg.j = jGj. Therefore gtgoigi Lo = Hg,j*c,:c, = JGjFC1j #c,.c, hence, nally,
column orthogonality for characters , in turn implying Theorem 1:

. . s
Ao (@A (@)7 = Zhac o, (3.30)
® 1C4j

3.10 Applications to normal modes

An important application of representations and their decompositions is to simplify the

analysis of normal modes and their associated normal frequeres. We may also determine
the degeneracy . The degeneracy of a normal frequency is the number of distirtanodes
that share this frequency.

Following Chapter 1 we assume a general Lagrangian
L=3d'Tdi 39'Vq :

If the system has a symmetry then the action of the symmetry transfamation g on the
generalized coordinates is

qgi D(9)a;
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where, if there are N degrees of freedom so thay is an N -component column vector,
D(g)isaN £N matrix. For a symmetry, L must be invariant and this requires

D("TD(g)=T; D(g) VD (g)=V:

For real coordinates we may take the matricesD (g) to be orthogonal, or D(g)'D(g) = I,
so that this becomeg?

D(g) 'TD(g)=T; D(g) vD(g)= V: (3.31)

The representation provided by the matrices D (g) may be decomposed into irreps.
For simplicity we'll assume at rst the multiplicities are all 1. Then after a similarity
transformation, SD(g)S' * for some nonsingularS, we have

0 40 (g !

@ C
SD(g)S' ! = a7 _ ; (3.32)

d™(g)

with all irreps di®erent. Since (3.31) must be true for all graup elementsg we must then
have, by Schur's lemma,

Oy !
STsil= % ol : ; (3.33)
: ty (M)
and 0 s 1
Svsit= % el , i (3.34)
: vy (M)

where thetg and the vg are scalar numbers, and wherd ("®) is the ng £ ne unit matrix,
ne being the dimension of the irrepd®. Note that

0 ] (1)

| (n2)
| =

1The normal mode frequencies are given by the eigenvalues dfi 'V and without
requiring D (g) to be orthogonal we haveD (g)i 1T VD (g)= Tilv.

(3.35)

O

[ (nn)
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With the diagonal form for T and V given by (3.33) and (3.34) nding the normal fre-
quencies is easy; they are just ¢ = Ve=te With degeneracy ne, the dimension of the
irrep.

The normal mode generalized eigenvectors just span the invant subspace (of the
underlying vector space) acted on by the relevant irrep of thesymmetry group.

More generally, the same irrep may occur more than once in the ecomposition ofD.
This is the situation where multiplicities can be 2 or greater.

If the irrep d‘® occurs with multiplicity me, then the scalar numberste and ve are
replaced byme £ me matrices T(M®): v (Me)  Schur's lemma now gives
STSil = Tm)_ [(M)gTm2) . (M) ge¢ge@(Mn) . j(nn) :
sysil = ym)_ j(m)gym) o () ggge@(Mv) [(n) :
In this case T and V are not completely diagonal but nding the normal frequencies

reduces to solving, for eact®, det(! 2T (M®); v (M®)) = 0 and the m¢ frequencies obtained
from this equation each have degeneracye.

The degeneracy of any normal frequency is then the dimensiorfthe associated irrep of
the symmetry group. (There may be extra degeneracy, which isiéher accidental (boring),
or due to a hitherto unsuspected symmetry, perhaps an exciting aw discovery.)

Example 3.8 The CO, molecule

There are three particles on a line, and the system is symmetric mder re°ections, so the
symmetry group is

G=fl;mg;
wherem? = |. The action of the group is given by a representationD, where
0 1 O 1 0 1
X1 i X3 0 0 i1
D(m) @x,A = @; x,A so DM=@o0 j1 OA:
X3 i X1 il 0 0

The character of this representation has the values

Ao=3; Aym=it
Since the order of the group is 2, there can only be 2 irreps, ebmf dimension 1 (so that
12 + 12 = 2). To be consistent with equation (3.26), we must have

D =d® ©2d?:

(We needAD(I) =mE£1l+my£ 1l andAD(m) =miE£1+my£ (j 1)) Model
is symmetric (m is represented by +1) with x, = 0, X; = j X3, and modes 2 and 3 are
antisymmetric (m represented byj 1) with x; = Xs.

_
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Example 3.9 Oscillations of an equilateral triangle

The symmetry group is 83. Choosing the coordinates as in Example 1.5, the permutation
(23), for example, acts on the coordinates according to

Gli o ! @ B B B G

SO 0 1
i170 0 0 0 O

01 0 0 O

0 0 0 01

D@N=8Bo o o olo

0 0ij10 O
0 0 01 0 O

The permutation (123) corresponds to a rotation when @g; ¢4) is given by (o ; &) rotated
through 120° and similarly for (os; ) and (o; ). This is given by the matrix

0 p 1

0 0 0 0 1= P32

0o o0 0 0 P32 1=
Bz Pa 0 0 0 0
PA2M=H P35 12 o _0o o o0
0 o 12 P30 0
0 0o P32 12 o0 0

Exercise: with V given by (1.26) show that D ((23))V = VD ((23)) and D((123))V =
VD ((123)).

With the above results A, (1) = 6, A, ((23)) = 0, A, ((123)) = 0. Applying the
orthogonality theorem shows that

D=d® ©d® @ 2d(3);
using the notation of page 70 for the irreps of §&.

The two translations of the system account for one of thed® 's (which have degeneracy
2), and the rigid rotation accounts for the d® (since the mode is unchanged by cyclic
permutation but its sign is changed by re°ections). The remairing d® represents a pair
of degenerate nonzero modes and® (non-degenerate) represents the dilation mode.

This is demonstrated by the transformation of the normal mode égenvectors found in
Chapter 1. For the two translational modes given by (1.27)

i i H \l
¢ ¢
D ((23)) lQu) Qw = lQu) Q® |Ol 2
H p T

i~ 0 ¢ i1=2 3=2 |
Q Q i P 3=2 jl1=2

D(123) Qv Qv
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generating a two dimensional representation. For the rotation and dilation modes given
by (1.29) and (1.30) we have

D(@3)Q” = 1QY; D(123)Q" = Q¥ ;
D(@3)Q” = Q“: D(I23)Q” = Q“:

i ¢ i ¢
The remaining modes, as given in (1.31),I Q® Q® transform exactly as IQ(” Q@ .

Example 3.10 The CH4 molecule

CH,4 has hydrogen atoms at the vertices of a tetrahedron, so the symetry group is
§,. This group acts on the 5£ 3 coordinates and the corresponding 15-dimensional
representation D satis es

A ()=15; A (12)=3; A, (123) =0;

AD((1234)) =il &((12)(34)) =L

This reduces tod® © d® © 3d® © d®. The three rigid translations and three rigid
rotations account for one d® and the d® , leaving 9 modes with degeneracies 1, 2, 3,
and 3. I'll show how to work out the full character table for § 4, but leave the rest as an
exercise since these notes are getting FAR too long!!

There are 5 conjugacy classes with typical elements, in disjointycle notation,
I; (12); (123); (1234); (12)(34):

As remarked on page 53, the cycle shapes determine the conjugaclasses since this is
a full 'symmetric group' or permutation group, being the symmeric group on 4 letters.
Every other element can be written in one of these shapes. The nungssjCij (i =1; :::; 5)
of elements in each of these conjugacy classes are respectively

1, 6; 8; 6, 3
By Theorem 2, the dimensions of the irreps satisfy

n2+n3+n3+n2+n=24

the only solution of which is
Nnt=n,=1;nNn3=2; ny=ng=3:

The two 1-dimensional irreps are easy to identify: d® is (as always) the trivial irrep,
and d® is j 1 for odd permutations and +1 for even permutations. (This obviously
gives a representation, i.e. quali es as a homomorphism, andste we know that there are
no other 1-dimensional irreps we need look no further.) At ths stage, we can 1l in the
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“rst column of the character table, and the “rst two rows below t he jCjj (see below), that
is, the rows ford® and d® .

One of the 3-dimensional irreps,d® say, corresponds to rotation matrices in R®
that preserve the tetrahedron. The matrix corresponding to (12) is just a re°ection, so
Adm) ((12)) = +1 (because the eigenvalues of a re°ection matrix are+1, +1 and | 1, and
the trace is the sum of the eigenvalues). The cycle (123) represts a rotation by 2%3, so
Ad<4) ((123)) = 0, because the trace of a rotation matrix is equal to 1+ 2 cos, where lLis
the angle of rotation.

And now we can use orthogonality to complete thed® row of the table. (We could
nearly have done it without "nding Ad<4) ((123)), using the orthogonality theorem (3.23)
with ® = 7. But because this gives a quadratic equation for the unknown lkearacter
values, there are two solutions, only one of which is the require one.)

Surprisingly, the d® row is then completely determined by the orthogonality theorem.
(The "nal equation is quadratic, but has one repeated root.) The d® row is then similarly
determined.

So we can nally pin down the entire character table to be the bllowing. To save
space, in the conventional way, it's laid out with the conjugacy classes lumped into single
columns. The numbers in the second row ar@ot character elements, but the sizegC;j of
the classes:

I (12) (123) | (1234) | (12)(34)

iCij 1 6 8 6 3
A, | 1 1 1 1 1
Ada) 1 il 1 il 1
Ad(3) 2 0 il 0 2
Adm 3 1 0 i1l il
Ad<5) 3 il 0 1 i1

_
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